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A good description of the excited positive and negative parity states of radium nuclei
(Z = 88, N = 130–142) is achieved using the interacting boson approximation model
(IBA-1). The potential energy surfaces, energy levels, parity shift, electromagnetic tran-
sition rates B (E1), B (E2) and electric monopole strength X(E0/E2) are calculated
for each nucleus. The analysis of the eigenvalues of the model Hamiltonian reveals the
presence of an interaction between the positive and negative parity bands. Due to this
interaction the �I = 1 staggering effect, between the energies of the ground state band
and the negative parity state band, is produced including beat patterns.

1 Introduction

The existence of stable octupole deformation in actinide nu-
clei has encouraged many authors to investigate these nuclei
experimentally and theoretically but until now no definitive
signatures have been established. Different models have been
considered, but none has provided a complete picture of oc-
tupole deformation.

Cluster model has been applied to 221-226Ra by many au-
thors [1–7]. The intrinsic multipole transition moment and
parity splitting were calculated. Also, the half-lives of clus-
ter emission are predicted. In general, cluster model suc-
ceeded in reproducing satisfactory the properties of normal
deformed ground state and super deformed excited bands in a
wide range of even-even nuclei.

A proposed formalism of the collective model [8, 9, 10]
have been used in describing the strong parity shift observed
in low-lying spectra of 224;226Ra and 224;226Th with octupole
deformations together with the fine rotational band structure
developed at higher angular momenta. Beat staggering pat-
terns are obtained also for 218-226Ra and 224;226Th.

The mean field model [11] and the analytic quadrupole
octupole axially symmetric (AQOA) model [12] have been
applied to 224;226Ra and 226Ra nuclei respectively, and found
useful for the predictions of the decay properties where the
experimental data are scarce.

Spdf interacting boson model [13] has been applied to
the even-even 218-228Ra isotopes and an explanation of how
the octupole deformation can arise in the rotational limit. The
discussion of the properties of the fractional symmetric rigid
rotor spectrum [14] and the results of its application to the
low excitation energy of the ground state band of 214-224Ra
show an agreement with the experimental data.

The aim of the present paper is to calculate and analyze
the complete spectroscopic properties of the low-lying pos-
itive and negative parity excited states in 218-230Ra isotopes
using IBA-1 Hamiltonian. The potential energy surfaces, lev-

els energy, parity shift, electromagnetic transition rates and
electric monopole strength X(E0/E2) are calculated.

2 (IBA-1) model

2.1 Level energies

The IBA-1 model describes the low-lying energy states of the
even-even radium nuclei as a system of interacting s-bosons
and d-bosons. The � and � bosons are treated as one boson.
Introducing creation

�
sydy

�
and annihilation

�
s ~d
�

operators
for s and d bosons, the most general Hamiltonian [15] which
includes one-boson term in boson-boson interaction has been
used in calculating the levels energy is:

H = EPS � nd + PAIR � (P � P ) +

+
1
2
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1
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nucleus EPS PAIR ELL QQ OCT HEX E2SD(eb) E2DD(eb)

218Ra 0.3900 0.000 0.0005 �0.0090 0.0000 0.0000 0.2020 �0.5957

220Ra 0.3900 0.000 0.0005 �0.0420 0.0000 0.0000 0.1960 �0.5798

222Ra 0.0650 0.0000 0.0100 �0.0650 0.0000 0.0000 0.1960 �0.5798

224Ra 0.2000 0.0000 0.0060 �0.0450 0.0000 0.0000 0.1640 �0.4851

226Ra 0.0700 0.0000 0.0060 �0.0450 0.0000 0.0000 0.1660 �0.4910

228Ra 0.0600 0.0000 0.0060 �0.0380 0.0000 0.0000 0.1616 �0.4780

230Ra 0.0580 0.0000 0.0060 �0.0502 0.0000 0.0000 0.1560 �0.4615

Table 1. Parameters used in IBA-1 Hamiltonian (all in MeV).

In the previous formulas, nd is the number of boson; P �P ,
L �L, Q �Q, T3 �T3 and T4 �T4 represent pairing, angular mo-
mentum, quadrupole, octupole and hexadecupole interactions
between the bosons; EPS is the boson energy; and PAIR,
ELL, QQ, OCT , HEX is the strengths of the pairing, an-
gular momentum, quadrupole, octupole and hexadecupole in-
teractions.

2.2 Transition rates

The electric quadrupole transition operator [15] employed in
this study is given by:

T (E2) = E2SD � (sy ~d+ dys)(2) +

+
1p
5
E2DD � (dy ~d)(2) : (7)

The reduced electric quadrupole transition rates between
Ii ! If states are given by

B (E2; Ii � If ) =
[< If k T (E2) k Ii >]2

2Ii + 1
: (8)

3 Results and discussion

3.1 The potential energy surface

The potential energy surfaces [16], V (�, ), for radium iso-
topes as a function of the deformation parameters � and 
have been calculated using:

EN�N� (�; ) = <N�N� ;� jH�� jN�N� ;�> =
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where

�X� =
�

2
7

�0:5

X� � = � or � : (10)

The calculated potential energy surfaces for radium
series of isotopes presented in Fig. 1 show that 218Ra is a

vibrational-like nucleus where the deformation � is zero.
220Ra nucleus started to deviate from vibrational-like and a
slight prolate deformation appeared. 222-230Ra nuclei show
more deformation on the prolate and oblate sides, but the de-
formation on the prolate side is deeper.

3.2 Energy spectra

IBA-1 model has been used in calculating the energy of the
positive and negative parity low -lying levels of radium se-
ries of isotopes. A comparison between the experimental
spectra [17–23] and our calculations, using the values of the
model parameters given in Table 1 for the ground and oc-
tupole bands, is illustrated in Fig. 2. The agreement between
the theoretical and their correspondence experimental values
for all the nuclei are slightly higher but reasonable. The most
striking is the minimum observed in the negative parity states,
Fig. 3, at N = 136 which interpreted as 224Ra is the most de-
formed nucleus in this chain of isotopes.

3.3 Electromagnetic transitions rates

Unfortunately there is no enough measurements of B (E1)
or B (E2) rates for these series of nuclei. The only mea-
suredB (E2; 0+

1 ! 2+
1 )’s are presented, in Table 2a, for com-

parison with the calculated values. The parameters E2SD
and E2DD used in the present calculations are determined
by normalizing the calculated values to the experimentally
known ones and displayed in Tables 2a and 2b.

For calculating B (E1) and B (E2) transition rates of in-
traband and interaband we did not introduce any new param-
eters. The calculated values some of it are presented in Fig. 4
and Fig. 5 which show bending in the two figures at N = 136
which support what we have seen in Fig. 3 as 224Ra is the
most octupole deformed nucleus.

3.4 Electric monopole transitions

The electric monopole transitions, E0, are normally occur-
ring between two states of the same spin and parity by trans-
ferring energy and zero unit of angular momentum. The
strength of the electric monopole transition, Xif 0f (E0=E2),
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I+i I+f
218Ra 220Ra 222Ra 224Ra 226Ra 228Ra 230Ra

01 Exp. 21 1.10(20) ——– 4.54(39) 3.99(15) 5.15(14) 5.99(28) ——-

01 Theor. 21 1.1222 2.4356 4.5630 3.9633 5.1943 5.9933 6.6861

21 01 0.224 0.4871 0.9126 0.7927 1.0389 1.1987 1.3372

22 01 0.0005 0.0028 0.0001 0.0014 0.0002 0.0001 0.0001

22 02 0.086 0.2509 0.5978 0.5287 0.7444 0.8878 1.0183

23 01 0.000 0.0058 0.0001 0.0015 0.0001 0.0001 0.0001

23 02 0.173 0.0854 0.0141 0.0075 0.0122 0.0122 0.0118

23 03 0.022 0.0476 0.0001 0.0011 0.0001 0.0000 0.0000

24 03 0.010 0.1322 0.3662 0.3013 0.5326 0.6481 0.7627

24 04 0.152 0.0707 0.0006 0.0041 0.0001 0.0000 0.0000

22 21 0.300 0.0819 0.0003 0.0034 0.0003 0.0003 0.0001

23 21 0.0001 0.0023 0.0002 0.0022 0.0002 0.0002 0.0001

23 22 0.088 0.4224 0.0690 0.0730 0.0398 0.0348 0.0302

41 21 0.368 0.7474 1.2490 1.0973 1.4449 1.6752 1.8756

41 22 0.0318 0.0337 0.0004 0.0051 0.0004 0.0004 0.0002

41 23 0.0715 0.0331 0.0000 0.0002 0.0000 0.0000 0.0000

61 41 0.4194 0.7924 1.2673 1.1380 1.5138 1.7714 1.9970

61 42 0.0463 0.0270 0.0004 0.0057 0.0005 0.0004 0.0002

61 43 0.0514 0.0249 0.0001 0.0009 0.0000 0.0000 0.0000

81 61 0.3749 0.7217 1.626 1.0830 1.4672 1.7430 1.9864

81 62 0.0529 0.0205 0.0004 0.0051 0.0006 0.0005 0.0002

81 63 0.0261 0.0170 0.0001 0.0018 0.0001 0.0001 0.0000

101 81 0.2346 0.5600 0.9737 0.9649 1.3492 1.6406 1.9005

101 82 0.0553 0.0161 0.0003 0.0041 0.0005 0.0005 0.0002

Table 2a. Values of the theoretical reduced transition probability, B(E2) (in e2 b2).

I�i I+f
218Ra 220Ra 222Ra 224Ra 226Ra 228Ra 230Ra

11 01 0.0008 0.0605 0.1942 0.1886 0.2289 0.2612 0.3033

11 02 0.1203 0.0979 0.0222 0.0293 0.0195 0.0190 0.0183

31 21 0.1117 0.1921 0.3352 0.3301 0.3927 0.4378 0.4937

31 22 0.0451 0.0325 0.0245 0.0330 0.0243 0.0238 0.0228

31 23 0.0025 0.0095 0.0001 0.0001 0.0000 0.0000 0.0001

31 41 0.0015 0.0094 0.0419 0.0458 0.0791 0.0883 0.0926

31 42 0.0007 0.0040 0.0073 0.0100 0.0099 0.0090 0.0074

51 41 0.2397 0.3169 0.4358 0.4349 0.5032 0.5493 0.6043

51 42 0.0531 0.0267 0.0187 0.0260 0.0214 0.0214 0.0205

51 43 0.0017 0.0027 0.0006 0.0005 0.0002 0.0002 0.0003

71 61 0.3839 0.4454 0.5349 0.5388 0.6033 0.6476 0.6996

71 62 0.0476 0.0204 0.0121 0.0187 0.0168 0.0173 0.0169

91 81 0.5429 0.5785 0.6398 0.6479 0.7041 0.7452 0.7936

91 82 0.0295 0.0139 0.0070 0.0129 0.0122 0.0131 0.0132

Table 2b. Values of the theoretical reduced transition probability, B(E1) (in � e2b).
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Fig. 1: The potential energy surfaces for 218-230Ra nuclei.

Fig. 2: Comparison between experimental (Exp.) and theoretical (IBA-1) energy levels in 218-230Ra, (a–g).
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Fig. 3: Energy versus neutron numbers N for
the �ve parity band in 218-230Ra.

Fig. 4: The calculated B(E2)’s for the ground state band of Ra
isotopes.

Fig. 5: The calculated B(E1)’s for the (�ve) parity band.

Fig. 6: The calculated X(E0/E2, 2+
2! 0+

1 ) versus N for
218-230Ra isotopes.
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Fig. 7: �I = 1, staggering patterns for the ground state and octupole bands of 218-230Ra
isotope.

I+i I+f I+0f
218Ra 220Ra 222Ra 224Ra 226Ra 228Ra 230Ra

02 01 21 0.016 0.046 0.376 0.562 0.335 0.279 0.243

03 01 21 0.125 —— —— 0.058 0.081 —- 0.500

03 01 22 0.007 0.058 —- 0.009 0.003 —– 0.230

03 01 23 0.015 0.002 —- 0.333 0.005 —— 0.0005

03 02 21 —- —– 10.00 1.705 0.702 2.000 9.000

03 02 22 —— 0.029 0.008 0.027 0.027 0.189 4.153

03 02 23 ——– 0.001 —— 9.666 0.054 0.049 0.103

04 01 22 0.009 0.008 1.200 —- 1.700 0.391 0.094

04 01 23 0.009 1.000 —- 1.230 0.459 1.636 —-
04 01 24 0.005 0.018 0.027 4.000 1.307 0.129 5.000

04 02 22 0.018 0.042 1.400 —— 0.1000 —– 0.037

04 02 23 0.019 5.000 —— 0.769 0.027 —— ——

04 02 24 0.011 0.093 0.031 2.500 0.076 —— 2.000

04 03 21 —– —– 0.250 —- 0.333 ——- —–

04 03 22 —- —– 0.066 —– 0.001 —— —–

04 03 23 —— —— —– —– 0.027 —— ——

04 03 24 —— —— 0.001 —- 0.076 —— ——-

Table 3. Theoretical Xif 0f (E0/E2) ratios for E0 transitions in Ra isotopes.
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[24] can be calculated using equations (11, 12) and presented
in Table 3. Fig. 6 shows also that 224Ra has strong electric
monopole strength than the other radium isotopes which is in
agreement with the previous explanations.

Xif 0f (E0=E2) =
B (E0; Ii � If )
B (E2; Ii � I0f )

; (11)

Xif 0f (E0=E2) = (2.54�109)A3=4 �
�E

5
(MeV)

KL

�(E2)
Te(E0; Ii � If )
Te(E2; Ii � I0f )

: (12)

3.5 The staggering

A presence of an odd-even staggering effect has been ob-
served for 218-230Ra series of isotopes [8, 9, 10, 25]. Odd-
even staggering patterns between the energies of the ground
state band and the (�ve) parity octupole band have been cal-
culated, �I = 1, using staggering function as in equations
(13, 14) using the available experimental data [17–23].

Stag (I) = 6�E (I)� 4�E (I � 1)� 4�E (I + 1) +
+ �E (I + 2) + �E (I � 2) ; (13)

with
�E (I) = E (I + 1)� E (I) : (14)

The calculated staggering patterns are illustrated in Fig. 7,
where we can see the beat patterns of the staggering behavior
which show an interaction between the ground state and the
octupole bands.

3.6 Conclusions

The IBA-1 model has been applied successfully to 218-230Ra
isotopes and we have got:

1. The ground state and octupole bands are successfully
reproduced;

2. The potential energy surfaces are calculated and show
vibrational characters to 218;220Ra and rotational be-
havior to 222-230Ra isotopes where they are prolate de-
formed nuclei;

3. Electromagnetic transition rates B (E1) and B (E2)
are calculated;

4. The strength of the electric monopole transitions are
calculated and show with the other calculated data that
224Ra is the most octupole deformed nucleus;

5. Staggering effect have been observed and beat patterns
obtained which show an interaction between the
ground state and octupole bands;
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