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The major challenge of modern physics is to merge relativistic and quantum theories
into a unique conceptual frame able to combine the basic statements of the former with
the quantization, the non-locality and non-reality of the latter. A previous paper has
shown that the statistical formulation of the space-time uncertainty allows to describe
the quantum systems in agreement with these requirements of the quantum world. The
present paper aims to extend the same theoretical model and approach also to the special
and general relativity.

1 Introduction

Merging quantum mechanics and general relativity is surely
the most challenging task of the modern physics. Since their
early formulation these theories appeared intrinsically dis-
similar, i.e. conceived for different purposes, rooted on a dif-
ferent conceptual background and based on a different math-
ematical formalism. It is necessary to clarify preliminarily
what such a merging could actually mean.

A first attempt was carried out by Einstein himself in the
famous EPR paper [1] aimed to bridge quantum behavior and
relativistic constraints; he assumed the existence of hypothet-
ical “hidden variables” that should overcome the asserted in-
completeness of the quantum mechanics and emphasize the
sought compatibility between the theories. Unfortunately this
attempt was frustrated by successive experimental data ex-
cluding the existence of hidden variables. The subsequent
development of both theories seemed to amplify further their
initial dissimilarity; consider for instance the emergence of
weird concepts like non-locality and non-reality of quantum
mechanics, which make still more compelling the search of
an unified view.

The most evident prerequisite of a unified model is the
quantization of physical observables; being however the gen-
eral relativity essentially a 4D classical theory in a curved
non-Euclidean space-time, the sought model requires new hy-
potheses to introduce the quantization. A vast body of litera-
ture exists today on this topic; starting from these hypotheses
several theories have been formulated in recent years, like the
string theory [2,3] and loop quantum gravity [4], from which
were further formulated the M-theory [5] and the supersim-
metric theories [6]. The new way to represent the particles as
vibrating strings and multi-dimensional branes is attracting
but, even though consistent with the quantization, still under
test. Moreover the quantization of the gravity field is not the
only problem; additional features of the quantum world, the
non-locality and non-reality, appear even more challenging
as they make its rationale dissimilar from that of any other
physical theory. The quantum mechanics postulates a set of
mathematical rules based on the existence of a state vector |ψ⟩
describing the quantum system in Hilbert space and a Hermi-

tian operator corresponding to a measure, whose outcomes
are the eigenvalues that represent the observables; the evolu-
tion of a system is represented by an evolution operator T (t)
such that |ψ(t)⟩ = T (t) |ψ(0)⟩ operating on the state vector at
the initial time. To these rules overlap also the exclusion and
indistinguishability principles to formulate correctly the state
vectors. The relativity rests on physical intuitions about the
behavior of masses in a gravity field and in accelerated sys-
tems; it postulates the equivalence between gravitational and
inertial mass and aims to build a covariant model of physical
laws under transformation between inertial and non-inertial
reference systems.

Apart from the apparent dissimilarity of their basic as-
sumptions, a sort of conceptual asymmetry surely character-
izes the quantum and relativistic theories; on the one side
abstract mathematical rules, on the other side intuitive state-
ments on the behavior of bodies in a gravity field. If the
unification of these theories concerns first of all their basic
principles, the task of introducing into a unified model even
the concepts of non-locality and non-reality appears seem-
ingly insurmountable. Eventually, a further concern involves
the choice of the mathematical formalism appropriate to the
unified approach. In general the mathematical formulation
of any theoretical model is consequence of its basic assump-
tions. The tensor calculus is required to introduce covariant
relativistic formulae in curvilinear reference systems; is how-
ever its deterministic character really suitable to formulate a
non-real and non-local theoretical model? This last remark
is suggested by previous papers that have already touched on
this subject.

Early results showed that a theoretical approach based on
the quantum uncertainty only, introduced as a unique assump-
tion to calculate the electron energy levels of many-electron
atoms/ions and diatomic molecules [7,8], could be subse-
quently extended to the special relativity too [9] while be-
ing also consistent with the concepts of non-localism and
non-realism of quantum mechanics. Despite this encouraging
background, however, so far the implications of the concepts
introduced in the quoted papers have not been fully investi-
gated and systematically exploited. In these early papers, the
connection between quantum approach and special relativity
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was preliminarily acknowledged through gradual results pro-
gressively obtained, concerning however other less ambitious
tasks; for instance, to assess the chance of superluminal speed
of neutrinos [9]. The decisive strategy to this purpose was to
regard the concept of uncertainty as a fundamental law of na-
ture and not as a mere by-product of the commutation rules of
operators. The statistical formulation of the quantum uncer-
tainty has been proven effective on the one side to explain and
account for all of the aforesaid features of the quantum world,
i.e. quantization and non-reality and non-locality, and on the
other side to obtain as corollaries the basic statements of spe-
cial relativity too along with the invariant interval and Lorentz
transformations. So it seemed sensible to exploit more pro-
foundly these early achievements before proceeding towards
a more advanced generalization including the general relativ-
ity too.

The present paper aims to collect together and push for-
ward these preliminary results through further considerations
having more general and systematic character; the approach
proposed here is purposely focused towards a unifying task
able to combine together quantum and relativistic require-
ments within the same conceptual frame. For this reason the
present paper heavily rests on previous results introduced in
the quoted references. While referring to the respective pa-
pers when necessary, some selected considerations very short
and very important are again reported here for clarity of ex-
position and to make the present paper as self-contained as
possible.

The paper consists of three parts. The first part, exposed
in section 2, merely summarizes some concepts already pub-
lished and some selected results previously achieved; these
preliminary ideas are however enriched and merged together
with new suggestions. The second part, section 3, stimulates
further considerations approaching the intermediate target of
merging together basic concepts of quantum mechanics and
special relativity. The third part, section 4, aims to show that
effectively even the most significant Einstein results of gen-
eral relativity are compliant with the quantum approach here
proposed.

The foremost concern constantly in mind is how to trans-
fer into the beautiful self-consistency of relativity the alien
concepts of quantization, non-locality and non-reality of the
quantum world.

2 Preliminary considerations

The present section collects some ideas and results reported
in previous papers concerning the statistical formulation of
quantum uncertainty. Two equations sharing a common num-
ber of allowed states

∆x∆px = nℏ = ∆ε∆t (2,1)

are the only basic assumption of the present model. No hy-
pothesis is made about size and analytical form of these ran-

ges, which are by definition arbitrary. These equations disre-
gard the local values of the dynamical variables, considered
indeed random, unknown and unpredictable within their un-
certainty ranges and thus of no physical interest. The concept
of uncertainty requires the particle delocalized everywhere in
its space range ∆x without any further detail about its ac-
tual motion; in practice the theoretical approach describes a
system of quantum particles through their uncertainty ranges
only exploiting the following positions

px → ∆px, x→ ∆x, t → ∆t, ϵ → ∆ϵ. (2,2)

The first relevant consequence is that the calculations
based on these ranges only waive in fact a specific kind of
reference system. Consider for instance ∆x = x − xo: the
lower boundary xo describes the position of ∆x with respect
to the origin O of an arbitrary reference system R, the upper
boundary x its size. So, owing to the lack of hypotheses or
constraints on xo and x, the considerations inferred through
the ranges (2,2) hold in any R whatever it might be, Cartesian
or curvilinear or else; also, being both boundary coordinates
xo and x arbitrary and unknowable, their role as concerns size
and location of ∆x in R could be identically exchanged. Hold
also for the other ranges, e.g. for to and t of ∆t = t − to, the
same considerations introduced for xo and x, in particular the
arbitrariness of the time coordinates in the reference system
where is defined the time length ∆t.

If in R both boundaries are functions of time, as it is to be
reasonably expected according to eqs. (2,1), then not only the
range size is itself a function of time dependent on the rela-
tive signs and values of ẋ and ẋo, but also the results hold for
reference systems in reciprocal motion; indeed a reference
system Ro solidal with xo moves in R at rate ẋo and possi-
ble acceleration ẍo. Nothing indeed compels to regard ẋo as a
constant, i.e. Ro could be non-inertial or inertial depending on
whether the concerned physical system admits or not accel-
erations. As any outcome inferred through the positions (2,2)
holds by definition in an arbitrary reference system R or Ro, it
is clear since now the importance of this conclusion in relativ-
ity, which postulates covariant general laws of nature. Intro-
ducing local coordinates requires searching a covariant form
for the physical laws thereafter inferred; once introducing ar-
bitrary uncertainty ranges that systematically replace the local
coordinates “a priori”, i.e. conceptually and not as a sort of
approximation, hold instead different considerations.

This topic will be concerned in the next subsection 4.1.
Here we emphasize some consequences of the positions (2,2):
(i) to waive a particular reference system, (ii) to fulfill the
Heisenberg principle, (iii) to introduce the quantization thro-
ugh the arbitrary number n of allowed states, (iv) to overcome
the determinism of classical physics, (v) to fulfill the require-
ments of non-locality and non-reality [9]. Hence appears sen-
sible to think that an approach based uniquely on eqs. (2,1)
through the quantum positions (2,2) is in principle suitable to
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fulfil the requirements of special and general relativity too,
far beyond the conceptual horizon of the quantum problems
to which the quoted papers were early addressed. While be-
ing well known that the concept of uncertainty is a corollary
of the operator formalism of wave mechanics, the reverse path
is also possible: the operators of wave mechanics can be in-
ferred from eqs. (2,1) [9]. The operator formalism is obtained
introducing the probability Πx = δx/∆x for a free particle to
be found in any sub-range δx included in the whole ∆x during
a given time range δt; it is only required that the sub-range be
subjected to the same conditions of arbitrariness and uncer-
tainty of ∆x. Analogous considerations hold in defining the
probability Πt = δt/∆t for the particle to be confined during a
time sub-range δt within a given δx, while ∆t is the time range
for the particle to be within ∆x. These probabilities allow to
infer the operators

px → ±
ℏ

i
∂

∂x
, ϵ → ±ℏ

i
∂

∂t
. (2,3)

As intuitively expected, the space and time sub-ranges δx
and δt describe a wave packet having finite length and mo-
mentum that propagates through ∆x during ∆t. The positions
(2,2), directly related to eqs. (2,1), and the non-relativistic po-
sitions (2,3), inferred from eqs. (2,1), compare the two pos-
sible ways of introducing the quantum formalism. This result
is important for two reasons: (i) it justifies why eqs. (2,1)
lead to correct quantum results through the positions (2,2);
(ii) the connection and consistency of the positions (2,2) with
the familiar wave formalism (2,3) justifies the starting point
of the present model, eqs. (2,1) only, as an admissible option
rather than as an unfamiliar basic assumption to be accepted
itself. Although both eqs. (2,1) and the wave equations in-
troduce the delocalization of a particle in a given region of
space, in fact the degree of physical information inherent the
respective approaches is basically different: despite their con-
ceptual link, eqs. (2,1) entail a degree of information lower
than that of the wave formalism; hence they have expectedly
a greater generality.

Consider a free particle. Eqs. (2,1) discard any informa-
tion about the particle and in fact concern the delocalization
ranges of its conjugate dynamical variables only; accordingly
they merely acknowledge its spreading throughout the size
of ∆x during the time uncertainty range ∆t. Being also this
latter arbitrary, the information provided by eqs. (2,1) con-
cerns the number of states n allowed to the particle and its
average velocity component vx = ∆x/∆t only. The wave me-
chanics concerns and describes instead explicitly the particle,
which is regarded as a wave packet travelling throughout ∆x;
as it is known, this leads to the concept of probability density
for the particle to be localized somewhere within ∆x at any
time. The probabilistic point of view of the wave mechanics,
consequence of Πx and Πt, is replaced in eqs. (2,1) by the
more agnostic total lack of information about local position
and motion of the particle; this minimum information, con-

sistent with the number of allowed states only, corresponds
in fact to the maximum generality possible in describing the
physical properties of the particle. The fact that according to
eqs. (2,1) the particle could likewise be anywhere in all avail-
able delocalization range, agrees with the Aharonov-Bohm
effect: the particle is anyhow affected by the electromagnetic
field even in a region of zero field, because the probabilis-
tic concept of “here and then there” is replaced by that of
“anywhere” once regarding the region of the concerned field
as a whole 3D uncertainty volume whose single sub-regions
cannot be discerned separately. These conclusions also ex-
plain the so called “EPR paradox”: the idea of spooky action
at a distance is replaced by that of action at a spooky dis-
tance [9], because the positions (2,2) exclude the concept of
local positions and thus that of a specific distance physically
distinguishable from any other distance. Just because ignor-
ing wholly and in principle the particle and any detail of its
dynamics, while concerning instead uncertainty ranges only
where any particle could be found, the indistinguishability of
identical particles is already inherent the eqs. (2,1); instead
it must be postulated in the standard quantum wave theory.
The number n of allowed states is the only way to describe
the physical properties of the particle; this explains why n
plays in the formulae inferred from eqs. (2,1) the same role
of the quantum numbers in the eigenvalues calculated solv-
ing the appropriate wave equations [7]. An evidence of this
statement is shortly sketched for clarity in section 3.

The generality of eqs. (2,1) has relevant consequences:
the approach based on these equations has been extended to
the special relativity; instead the momentum and energy op-
erators of eqs. (2,3) have limited worth being inherently non-
relativistic. In effect the probabilities Πx and Πt have been in-
ferred considering separately time and space; it was already
emphasized in [9] that Πx and Πt should be merged appro-
priately into a unique space-time probability Π(x, t). The ne-
cessity of a combined space-time reference system will be
discussed in the next section 3. This fact suggests that a gen-
eral description of the system is obtainable exploiting directly
eqs. (2,1), which by their own definition introduce concur-
rently both space and time coordinates into the formulation
of quantum problems; in short, the present paper upgrades
the early concept of uncertainty to that of space-time uncer-
tainty in the way highlighted below.

It has been shown that eqs. (2,1) also entail inherently
the concepts of non-locality and non-reality of the quantum
world: the observable outcome of a measurement process is
actually the result of the interaction between test particle and
observer, as a function of which early unrelated space and
momentum ranges of the former collapse into smaller ranges
actually related to n according to eqs. (2,1); accordingly, it
follows that the quantized eigenvalues are compliant with the
non-locality and non-reality of quantum mechanics. This col-
lapse is intuitively justified here noting that any measurement
process aims to get information about physical observables;
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without shrinking the initial unrelated ranges, thus reducing
their degree of initial uncertainty, the concept of measurement
would be itself an oxymoron. These results prospect therefore
a positive expectation of relativistic generalization for the po-
sitions (2,2). Due to the subtle character of the connection
between quantum and relativistic points of view, the present
paper examines more closely in the next section the first con-
sequences of the considerations just carried out, previously
obtained in the quoted papers: the first goal to show the suc-
cessful connection of eqs. (2,1) with the special relativity, is
to infer the invariant interval and the Lorentz transformation.

3 Uncertainty and special relativity

The special relativity exploits 4-vectors and 4-tensors that
consist of a set of dynamical variables fulfilling well defined
transformation rules from one inertial reference system to an-
other. For instance, the components ui of four velocity are
defined by the 4-vector dxi as ui = dxi(cdt)−1(1 − (v/c)2)−1/2,
being v the ordinary 3D space velocity; the angular momen-
tum is defined by the anti-symmetric 4-tensor Mik =

∑
(xi pk−

xk pi), whose spatial components coincide with that of the
vector M = r × p.

Despite the wealth of information available from such
definitions, however, the central task always prominent in the
present paper concerns their link to the concepts of quantiza-
tion, non-locality and non-reality that inevitably qualify and
testify the sought unification: if the final target is to merge
quantum theory and relativity, seems ineffective to proceed
on without a systematic check step after step on the compli-
ance of such 4-vectors and tensors with the quantum world.

To explain in general the appropriate reasoning, compare
the expectations available via tensor calculus and that avail-
able via the positions (2,2): having shown previously that
eqs. (2,1) are compliant with the non-reality and non-locality,
this means verifying the consistency of the former definitions
of angular momentum or velocity with the concept of un-
certainty. Since both of them necessarily exploit local co-
ordinates, then, regardless of the specific physical problem
to be solved, the previous definitions are in fact useless in
the present model; the local coordinates are considered here
worthless “a priori” in determining the properties of physical
systems and thus disregarded.

Merging quantum and relativistic points of view compels
instead to infer the angular momentum likewise as shown in
[7], i.e. through its own physical definition via the positions
(2,2) to exploit eqs. (2,1). For clarity this topic is sketched in
the next sub-sections 3.4 to 3.7 aimed to show that indeed the
well known relativistic expressions of momentum, energy and
angular momentum of a free particle are inferred via trivial
algebraic manipulations of eqs. (2,1) without exploiting the
aforesaid standard definitions through local 4-coordinates.

Let us show now that the basic statements of special rela-
tivity are corollaries of eqs. (2,1) without any hypothesis on

the uncertainty ranges. First, the previous section has shown
that once accepting the positions (2,2) all inertial reference
systems are indistinguishable because of the total arbitrari-
ness of their boundary coordinates; if in particular both xo

and to are defined with respect to the origin of an inertial
space-time reference system R, then the arbitrariness of the
former require that of the latter. So in any approach based on
eqs (2,1) only, all R are necessarily equivalent in describing
the eigenvalues, i.e. the observables of physical quantities.
Second, it is immediate to realize that the average velocity
vx = ∆x/∆t previously introduced must be upper bounded.
Consider a free particle in finite sized ∆x and ∆px, thus with
finite n; if vx → ∞ then ∆t → 0 would require ∆ε → ∞,
which in turn would be consistent with ε → ∞ as well. Yet
this is impossible, because otherwise a free particle with finite
local momentum px could have in principle an infinite energy
ε; hence, being by definition an allowed value of any physi-
cal quantity effectively liable to occur, the value of vx must be
upper bound. Third, this upper value allowed to vx, whatever
its specific value might be, must be invariant in any inertial
reference system. Indeed vx is defined in its own R without
contradicting the indistinguishability of all reference systems
because its value is arbitrary like that of both∆x and∆t; hence
the lack of a definite value of vx lets R indistinguishable with
respect to other inertial reference systems R′ whose v′x is ar-
bitrary as well. If however vx takes a specific value, called
c from now on, then this latter must be equal in any R oth-
erwise some particular R(c) could be distinguishable among
any other R′, for instance because of the different rate with
which a luminous signal propagates in either of them. Thus:
finite and invariant value of c, arbitrariness of the boundary
coordinates of ∆x and equivalence of all reference systems in
describing the physical systems are strictly linked. One easily
recognizes in these short remarks, straightforward corollaries
of eqs (2,1), the basic statements of the special relativity.

This result legitimates thus the attempt to extend the out-
comes of the non-relativistic approach of the early papers
[7,8] to the special relativity. Before exemplifying some spe-
cific topics in the following subsections, it is useful to note
that eqs. (2,1) can be read in several ways depending on how
are handled the ranges in a given R.

The first example is provided by the ratio ∆x/∆t: if the
particle is regarded as a corpuscle of mass m delocalized in
∆x, thus randomly moving throughout this range, then ∆x/∆t
is its average velocity component vx during ∆t, whatever the
local features of actual motion within ∆x might be. Inter-
esting results can be inferred hereafter in a straightforward
way. It is possible to define ∆px/∆t equal to ∆ε/∆x for any n,
thus obtaining the concept of average force field component
Fx = ∆px/∆t throughout ∆x, or the related average power
∆ε/∆t = Fxvx and so on. This is not mere dimensional exer-
cise; these definitions hold without specifying a particular ref-
erence system and will be exploited in the following to check
their ability to get both quantum and relativistic results.
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In the next subsection will be examined in particular the
ratio ∆px/∆x to introduce the curvature of the space-time
simply via uncertainty ranges, i.e. in the frame of the un-
certainty only. In these expressions, the ranges play the same
role of the differentials in the respective classical definitions.
This suggests how to regard the concept of derivative entirely
in the frame of eqs. (2,1) only, i.e. as ratio of uncertainty
ranges. The fact that the size of the ranges is arbitrary sug-
gests the chance of thinking, for mere computational pur-
poses, their limit sizes so small to exploit the previous def-
initions through the differential formalism; for instance it is
possible to imagine a particle delocalized in a very small, but
conceptually not vanishing, range dx without contradicting
any concept introduced in the positions (2,2), because re-
mains valid in principle the statement dx∆px = nℏ despite
the random values of x between xo and xo + dx tend to the
classical local value xo. It is also possible to define very low
values of vx, i.e. dx/∆t ≪ c, because ∆x and ∆t are indepen-
dent ranges and so on. Furthermore, hypothesizing ℏ so small
that all ranges can be even treated as differentials, let us try
to regard and handle the ranges of eqs. (2,1) as if in the limit
case n = 1 they would read (dx)(dpx) = ℏ = (dt)(dε). This
means that, for mere computational purposes, the case n = 1
is regarded as a boundary condition to be fulfilled when cal-
culating the sought physical property.

To check the validity of this point through an example
of calculation involving vx, rewrite eqs. (2,1) in the forms
∆px/∆t = ∆ε/∆x and ∆ε = ∆px∆x/∆t that however will be
now handled likewise as if dpx/dt = Fx = dε/dx and dε =
vxdpx to assess the results hereafter obtainable. In agreement
with these computational notations, which however do not
mean at all regarding the formal position ∆x/∆t → dx/dt as
a local limit, let us consider a free particle and write

ε = ∫ v′x(dpx/dv′x)dv′x. (3,1)

Although these positions are here introduced for calcu-
lation purposes only, since actually the uncertainty ranges
are by definition incompatible with the concept of differential
limit size tends to zero, nevertheless it is easy to check their
validity recalling that in a previous paper [9] simple consider-
ations based on eqs. (2,1) only allowed to infer px = εvx/c2;
this equation is so important that its further demonstration
based on a different reasoning is also provided below in sub-
section 3.4. Replacing in eq (3,1) and integrating yields ε =
c−2 ∫ v′x[d(εv′x)/dv′x]dv′x, easily solved in closed form; the so-

lution ε = const
(
1 − (vx/c)2

)−1/2
yields by consequence also

px = vxc−2const
(
1 − (vx/c)2

)−1/2
. If vx → 0 then px → 0; yet

nothing compels also the vanishing of ε. Calculating thus the
limit px/vx for vx → 0 and calling m this finite limit,

lim
vx→0

px

vx
= m, (3,2)

one infers the integration constant const = ±mc2; follow im-
mediately the well known expressions

px = ±mvx

(
1 − (vx/c)2

)−1/2
,

ε = ±mc2
(
1 − (vx/c)2

)−1/2
.

(3,3)

The double sign corresponds in the former case to that of
either velocity component, in the latter case to the existence
of antimatter. Moreover exploit also ∆px/∆t − ∆ε/∆x = 0;
regarding again this equation in its computational differen-
tial form dpx/dt − dε/dx = 0 and solving it with respect to
vx, as if the ranges would really be differentials, one finds of
course vx = −∆x/∆t. These results are important: handling
the ranges as differentials entails just the well known rela-
tivistic results, which appear however to be limit cases i.e.
boundary conditions of the respective definitions via uncer-
tainty ranges; this confirms that the intervals appearing in the
invariant interval and in the Lorentz transformation of length
and time must be actually regarded as uncertainty ranges, as
pointed out in [9], so that also the transformation formulae get
full quantum meaning. This holds provided that the ranges
related to ℏ be really so small with respect to distances and
times of interest to justify the integral calculus; this is cer-
tainly true in typical relativistic problems that usually concern
massive bodies or cosmological distances and times.

So far the particle has been regarded as a corpuscle char-
acterized by a mass m traveling throughout ∆x during the time
range ∆t. According to the positions (2,3) and owing to the
results [9], however, the particle can be identically described
as a wave propagating throughout the same space range dur-
ing the same time range; also to this purpose are enough eqs.
(2,1), the basic assumptions of the wave formalism are un-
necessary.

Let us regard ∆x as the space range corresponding to one
wavelength and the related ∆t as a reciprocal frequency ω =
∆t−1; so one finds ∆ε = nℏω with ω = 2πν, in which case
∆x/∆t = ωλ = v as well. In principle one expects from this
result that in general an average velocity v1 corresponds to
the frequency ω1, thus v2 to ω2 and so on. Suppose that,
for fixed ∆x, a time range ∆t′ and thus a frequency ω′ ex-
ist such that the right hand side turns into a unique constant
velocity, whose physical meaning will appear soon; then, us-
ing again the differential formalism, d(λ−1) = −λ−2dλ and
λdω′ + ω′dλ = 0 combined into λ(dω′ − λω′d(λ−1)) = 0
yield v′/2π = dω′/dk where k = 2π/λ. Being v′ arbitrary
like ∆x, including the trivial factor 2π in v′′ = v′/2π yields
v′′ = dω′/dk. So are defined the phase and group velocities v
and v′′ of a wave, which of course coincide if v does not de-
pend on ω; this is possible because ∆x and ∆t are independent
ranges that can fulfil or not this last particular case. Moreover
eqs. (2,1) also yield immediately ∆ε/∆p = dν/d(λ−1) = v.
Eventually, dividing both sides of ∆x∆px = nℏ by ∆t yields
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F∆x = nℏω; since dF/dν has physical dimension of momen-
tum, being all range sizes arbitrary the last equation reads
in general p = h/λ. These reasonable results are distinc-
tive features of quantum mechanics, here found as corollaries
by trivial manipulations of eqs. (2,1). If both corpuscle and
wave formalisms are obtained from a unique starting point,
eqs. (2,1), then one must accept the corpuscle/wave dual be-
havior of particles, as already inferred in [9]. This justifies
why these equations have been successfully exploited in the
early papers [7,8] to describe the quantum systems.

After having checked the compliance of eqs. (2,1) with
the fundamental principles of both quantum mechanics and
special relativity, we are now justified to proceed further to-
wards the connection between the theories. Eqs. (2,1) al-
low describing various properties of quantum systems, e.g.
in the frame of space/time uncertainty or energy/momentum
uncertainty, as better specified in the next subsection. Note
that the invariant interval, inferred itself from eqs. (2,1) only,
is compliant with the non-locality and non-reality simply re-
garding the space and time intervals as uncertainty ranges; by
consequence merging quantum mechanics and special rela-
tivity simply requires abandoning the deterministic meaning
of intervals defined by local coordinates, which have classi-
cal character and thus are exactly known in principle. Indeed
we show below that the invariant interval consists of ranges
having fully quantum meaning of space-time uncertainty. In
the frame of eqs. (2,1) only, the concept of time derivative
necessarily involves the time uncertainty range; an example
is ∆x/∆t previously identified with the velocity vx. This lat-
ter, even though handled as dx/dt for computational purposes
only, still keeps however its physical meaning of average ve-
locity.

These considerations hold in the reference system R whe-
re are defined eqs. (2,1) and suggest a remark on the alge-
braic formalism; once trusting on eqs. (2,1) only, the concept
of derivative is replaced by that of ratio between uncertainty
ranges. These latter indeed represent the chance of variabil-
ity of local quantities; so the derivative takes here the mean-
ing of correlation between these allowed chances. Of course
being the ranges arbitrary and unknown, this chance is ex-
tended also to the usual computational concept of derivative,
as shown before. Once having introduced through the un-
certainty the requirements of quantum non-locality and non-
reality into the relativistic formulae, a problem seems arising
at this point, i.e. that of the covariancy.

This point will be concerned in the next section 4, aimed
to discuss the transformations between inertial and non-inerti-
al reference systems. For clarity of exposition, however, it is
better to continue the present introductory discussion trusting
to the results so far exposed; it is enough to anticipate here
that the arbitrariness of the quantum range boundaries, and
thus that of the related reference systems as well, is the key
topic to merge the requirements of uncertainty and covari-
ancy.

3.1 The space-time uncertainty

This section aims to show that the concept of space-time is
straightforward corollary of the space/momentum and time/
energy uncertainties. Eqs. (2,1) represent the general way of
correlating the concepts of space, momentum, time and en-
ergy by linking their uncertainties through the number n of
allowed states; just their merging defines indeed the eigenval-
ues of any physical observable. On the one side, therefore, the
necessity of considering concurrently both time and space co-
ordinates with analogous physical meaning appears because
of the correlation of their uncertainties; for instance the par-
ticular link underlying time and space ranges through c al-
lows to infer the invariant interval and the relativistic expres-
sions of momentum and energy. On the other side the concept
of quantization appears strictly related to that of space-time,
since the concurrence of both ∆x and ∆t that defines n also
introduces in fact a unique space-time uncertainty. These el-
ementary considerations highlight the common root between
relativity and quantum theory, which also accounts for the
non-locality and non-reality of the latter according to the con-
clusions emphasized in [9].

Eqs. (2,1) consist of two equations that link four ranges;
for any n, two of them play the role of independent variables
and determine a constrain for the other two, regarded there-
fore as dependent variables. In principle this means that two
independent ranges introduce eqs. (2,1) via n. As ∆px and ∆ε
include local values of physical observables while ∆x and ∆t
include local values of dynamical variables, it is reasonable
to regard as a first instance just these latter as arbitrary inde-
pendent variables to which are related momentum and energy
as dependent variables for any n; however any other choice
of independent variables would be in principle identically ad-
missible.

For instance, let us concern ∆ε∆x/(vx/c) = nℏc consid-
ering fixed the energy and coordinate ranges. Two limits
of this equation are particularly interesting: (i) vx/c → 0,
which requires in turn n → ∞, and (ii) vx <∼ c, which requires
∆x<∼nℏc/∆ε for any given n. Consider the former limit rewrit-
ing identically (∆px/vx)vx∆x = nℏ, which reads vx∆x∆m = nℏ
according to eq (3,2); since for a free particle vx is a constant,
then ∆(mvx) = ∆px i.e. px ≈ mvx. Guess the related classical
energy regarding again ∆ε/∆px = vx as dε/dpx = vx, whence
dε = vxmdvx i.e. ε = mv2

x/2 + const. As expected, these ex-
pressions of energy and momentum result to be just the non-
relativistic limits of eqs. (3,3) for vx ≪ c. This is because we
have considered here the space coordinate separately from the
time coordinate: despite the time range has been somehow in-
troduced into the previous reasoning through the definition of
vx, yet it occurred in the way typical of the Newtonian me-
chanics, i.e. regarding the time as an entity separated from
the space coordinate, and not through the link between ∆px

and ∆ε provided by n.
We also know that the classical physics corresponds to
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the limit n → ∞ [9]; thus eqs. (2,1) require that the non-
relativistic limit vx ≪ c and the classical physics limit n→ ∞
are actually correlated. Indeed, eqs. (3,3) have been obtained
handling the ranges as differentials just thanks to small val-
ues of n. Of course such a correlation is not required when
regarding quantum theory and relativity separately, it appears
instead here as a consequence of their merging. Since for n→
∞ the difference between n and n+1 becomes more and more
negligible with respect to n, this latter tends to behave more
and more like a continuous variable. It has been shown in [9]
that just the quantization entails the non-real and non-local
features of the quantum world; instead locality and reality
are asymptotic limit properties of the classical world attained
by the continuous variable condition n → ∞. Now it appears
that just the same quantization condition of n requires also the
relativistic properties of the particles, which indeed are well
approximated by the corresponding equations of Newtonian
physics in the limit n → ∞ i.e. vx ≪ c. Otherwise stated, the
special relativity rests itself on the quantization condition re-
quired by the space/momentum and time/energy uncertainties
merged together; these latter are therefore the sought unique
fundamental concept on which are rooted quantum proper-
ties, non-reality, non-locality and special relativity.

3.2 Energy-momentum uncertainty and Maxwell equa-
tions

Let us start from ∆ε = vx∆px; being as usual ∆ε = ε − εo

and ∆px = px − po, this uncertainty equation splits into two
equations ε = vx px and εo = vx po defined by the arbitrary
boundary values of energy and momentum. Consider first the
former equation; dividing both sides by an arbitrary volume
V and by an arbitrary velocity component v§x, the uncertainty
equation turns dimensionally into the definition J§x = C§vx

of a mass flow; indeed J§x is the flux of the mass m initially
defining momentum and energy of the particle, C§ is the cor-
responding amount of mass per unit volume. Calculating
the flux change between any x and x + δx during δt, one
finds δJ§x = vxδC§ + C§δvx. This result can be exploited in
various ways. For instance in a previous paper it has been
shown that eqs. (2,1) lead under appropriate hypotheses to
the result J§x = −D∂C§/∂x [10], being D the diffusion co-
efficient of m. The particular case of constant vx in the ab-
sence of an external force field acting on m during the time
range δt = δx/vx yields δJ§x = −[∂(D∂C§/∂x)/∂x]δx. Since
δJ§x/δx = −δC§/δt, because δJ§x/δx and δC§/δt have oppo-
site sign under the hypothesis of gradient driven mass flow
in the absence of sinks or sources in the diffusing medium,
one obtains the 1D Fick law δC§/δt = ∂(D∂C§/∂x)/∂x, triv-
ially extensible to the 3D case. In general, under the con-
strain of constant vx only, the vector equations corresponding
to J§x = C§vx and δJ§x = −vxδC§ read

J§ = C§v, ∇ · J§ = −∂C§/∂t. (3,4)

Multiplying by e/m both sides of these expressions, one

obtains the corresponding equations for the flux of charge
density Ce, i.e. Je = Cev. An analogous result holds for
the second part εo = vx po of the initial uncertainty equation,
rewritten now as Jm = Cmv with Cm = C§em/m; the physical
meaning of em will be remarked below. Put now C = Ce +Cm

and J = Je + Jm; then, replacing J§ and C§ of the mass con-
centration gradient equation with J and C, it is possible to
introduce an arbitrary vector U− such that the second equa-
tion eq (3,4) reads

∇ · ∇ × U− = ∇ · J +
∂C
∂t

(3,5)

as it is clear because the left hand side is null. So one obtains

∇ × U− =
∂U+
∂t
+ J, ∇ · U+ = C,

J = Je + Jm, C = Ce +Cm.
(3,6)

The second equation defines U+. Since C = Ce + Cm, the
vector U+ must reasonably have the form U+ = H+E, where
H and E are arbitrary vectors to be defined. As also J is sum
of two vectors, U− is expected to be itself sum of two vec-
tors too. For mere convenience let us define these latter again
through the same H and E; there is no compelling reason to
introduce necessarily further vectors about which additional
hypotheses would be necessary to solve the first eq (3,6). Ap-
pears now sensible to guess U− = c(H − E), with c mere di-
mensional factor, for four reasons: (i) U+ + c−1U− = 2H and
U+ − c−1U− = 2E, i.e. U− and U+ can be expressed through
the same vectors they introduce; (ii) the same holds for the
scalars c−1U+ · U− = H2 − E2 and U2

+ − c−2U2
− = 4E · H;

(iii) the same holds also for c−1U− × U+ = 2E × H and (iv)
U2
+ + c−2U2

− = 2(H2 + E2). If H and E are now specified
in particular as vectors proportional to magnetic and electric
fields, then the proposed definitions of U− and U+ entail a
self-consistent set of scalars and vectors having some interest-
ing features: the scalars (ii) define two invariants with respect
to Lorentz transformations, whereas the vector (iii) is propor-
tional to the Poynting vector and defines the energy density
flux; moreover the point (iv) defines a scalar proportional to
the energy density of the electromagnetic field; eventually the
integral ∫ U+ · U−dV over the volume previously introduced
is proportional to the Lagrangian of a free field.

Although eqs. (3,5) and (3,6) are general equations stra-
ightforward consequences of charge flows, simply specifying
purposely them to the case of the electromagnetic field fol-
lows the validity of the form assigned to U− because of such
sensible outcomes. The first eq (3,6) reads thus c∇×(H−E) =
∂(H + E)/∂t + (Je + Jm). In principle the terms of this equa-
tion containing H, E, Je and Jm can be associated in various
ways, for instance is admissible c∇ × H = ∂H/∂t + Jm; in-
tegrating this equation is certainly possible but the solution
H = H(x, y, z, t, Jm) would be of scarce interest, i.e. one
would merely find the space and time profile of a possible
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H consistent with Jm. The same would hold considering the
analogous equation for E. A combination of mixed terms that
appears more interesting is

∇ · E = Ce, ∇ ·H = Cm,

−c∇ × E =
∂H
∂t
+ Jm, c∇ ×H =

∂E
∂t
+ Je.

(3,7)

In this form, the interdependence of the magnetic and
electric field vectors H and E through Je and Jm yields the
Maxwell equations formulated in terms of charge and current
densities. These equations, also inferred from eqs. (2,1), have
been written having in mind the maximum generality; Ce

and Cm are proportional to the electric charge and magnetic
charge densities, Je and Jm to the charge and magnetic current
densities. While Ce is known, an analogous physical mean-
ing for Cm is doubtful because the magnetic “monopoles” are
today hypothesized only but never experimentally observed.
Although it is certainly possible to regard these equations
with Cm = 0 and Jm = 0, nevertheless seems formally at-
tractive the symmetric character of the four equations (3,7).
Note however in this respect that rewriting E = Eo + Q and
H = Ho +W, where W and Q are further field vectors whose
physical meaning is to be defined, with the positions

C′e = ∇ ·Q, ∇ ×Q = 0, J′e =
∂Q
∂t
,

ρm = −∇ ·W, ∇ ×W = 0, J′m =
∂W
∂t

,

the equations (3,7) turn into

∇ · Eo = Ce −C′e, ∇ ·Ho = ρm,

−c∇ × Eo =
∂Ho

∂t
+ J′m, c∇ ×Ho =

∂Eo

∂t
− J′e + Je,

having put here Cm = 0 and Jm = 0. In practice rewriting H
and E as a sum of vectors Ho and Eo parallel to them plus W
and Q fulfilling the aforesaid conditions one obtains a new set
of Maxwell equations whose form, even without reference to
the supposed magnetic monopoles, is however still the same
as if these latter would really exist. Note eventually that be-
side eqs. (3,7) there is a further non-trivial way to mix the
electric and magnetic terms, i.e.

∇ · E = Ce, ∇ ·H = Cm,

−c∇ × E =
∂H
∂t
+ Je, c∇ ×H =

∂E
∂t
+ Jm,

(3,8)

expectedly to be read with Cm = 0 and Jm = 0. Work is in
progress to highlight the possible physical meaning of Q and
W and that of the eqs. (3,8) still consistent with eq (3,6).

3.3 Uncertainty and wave formalism

Start now from eqs. (3,3) that yield ε2 = (cpx)2 + (mc2)2; so
the positions (2,3) define the known 2D Klein-Gordon equa-
tion −∂2ψo/c2∂t2 = −∂2ψo/∂x2+(mc/ℏ)2ψo, whose extension
to the 4D case is trivial simply assuming ψo = ψo(x, y, z, t)

∂2ψo

c2∂t2 − ∇
2ψo + k2ψo = 0, k2 =

(mc
ℏ

)2
. (3,9)

Eq. (3,9) is equivalent to O2
5ψo = 0 inferred from O5ψo =

0, where the total momentum operator O5 is defined as

O5 = a j
ℏ

i
∂

∂x j
+ a4

i
c
ℏ

i
∂

∂t
+ a5mc,

j = 1, 2, 3; a j · a j′ = δ j, j′ .

Thus O5 is the sought linear combination a jP j+(a4i/c)H+
a5mc of the momentum P j and energy H operators (2,3) via
orthogonal unit vector coefficients a j and a4i/c and a5; this
combination of space and time operators defines the wave
equation corresponding to the relativistic eqs. (3,3).

Replace now ψo with ψ = ψo+a·A+bφ in eq (3,9); a and b
are arbitrary constants, A and φ are functions of x j, t that must
still fulfill eq (3,9). Assuming constant both modulus and
direction of a with respect to A, trivial calculations yield three
equations. One is once again the Klein-Gordon equation for
ψo; moreover subtracting and summing to the two remainder
terms the amount a · J/c, where J is a further arbitrary vector,
the condition a ·J/cb = −ρ yields the following two equations

∂2φ

c2∂t2 − ∇
2φ + k2φ − ρ = 0,

∂2A
c2∂t2 − ∇

2A + k2A − J
c
= 0.

(3,10)

In principle this result is anyway formally possible with
the given b, which links the equations through ρ and J = ρv
according to eqs. (3,4). The condition on b requires a ·J/cρ =
a′ · J′/cρ′; so in general J is not necessarily a constant. Let
us specify now this result. If A and φ are proportional to
the magnetic and electric potentials, then ρ and J are charge
density and flux; in effect the particular case φ ∝ r−1 agrees
with the physical meaning of the former, whence the meaning
of the latter as well. The fact that ψo differs from ψ = ψo + a ·
(A − Jφ/cρ) by the vector A − Jφ/cρ , 0 suggests defining
a = ξJ′/c in order obtain the scalar J′ · A/c − φJ′ · J/ρc2,
i.e. J′ · A/c − ρ′φv′ · v/c2; ξ is a proportionality factor. So
putting φ = φ′q, with q proportionality factor, the result is
J′ · A/c − ρ′φ′ with q−1 = v′ · v/c2. In this way one obtains
ψ = ψo + ξ(J′ · A/c − ρ′φ′), while eqs. (3,10) are the well
known Proca’s equations in vector form.

Note that ξ has physical dimension f ield−2, which indeed
justifies the particular way of defining a, while the scalar
in parenthesis characterizes the wave function of a particle
moving in the presence of magnetic and electric potentials.
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Since a free particle has by definition kinetic energy only,
the scalar additive to ψo is a perturbative term due to the
magnetic and electric potentials; so it should reasonably rep-
resent a kinetic energy perturbation due to the presence of
magnetic and electric fields. This suggests that the complete
Lagrangian T − U of the particle moving in the electromag-
netic field should be therefore given by the linear combination
of the scalar just found and the free field scalar cU− · U+ =
H2 − E2, i.e. it should be obtained by volume integration of
J′ · A/c − ρ′φ′ + χ(E2 − H2), being χ an appropriate coeffi-
cient of the linear combination of potential and kinetic energy
terms.

This topic is well known and does not deserve further
comments. It is worth noticing instead that eqs. (3,10) can be
also obtained introducing the extended space-time momen-
tum operator O7 collecting together the space and time op-
erators of the positions (2,3) in a unique linear combination
expressed as follows

O7 = a j∂/∂x j + a4i∂/∂(ct) + a5i/x5 + a6∂/∂x6 + a7∂/∂x7,

where x5, x6 and x7 are to be regarded as extra-coordinates.
Putting x5 = ℏ/mc, the wave function that yields directly both
eqs. (3,10) with this operator reads accordingly

ψ = ψo + a · (A − Jx2
5/c)x6 + (φ − ρx2

5)x7.

Still holds the position a j ·a j′ = δ j, j′ that regards again the
various a j, with j = 1..7, as a set of orthogonal unit vectors in
a 7D dimensional space where is defined the equation O2

7ψ =
0 containing as a particular case the Klein-Gordon equation.
The sixth and seventh addends of O7 are ineffective when
calculating O2

7ψo, which indeed still yields the free particle
equation; however just these addends introduce the non-null
terms of Proca’s equations in the presence of fields.

In summary, the free particle eq (3,9) is nothing else but
the combination of the two eqs. (3,3) expressed through the
wave formalism of quantum mechanics; its successive manip-
ulation leads to define the Lagrangian of the electromagnetic
field in the presence of magnetic and electric potentials while
introducing additional extra-dimensions. It appears however
that the chance of defining 3 extra-dimensions to the familiar
ones defining the space-time is suggested, but not required in
the present model, by the relativistic wave formalism only.

3.4 Uncertainty and invariant interval

In [9] has been inferred the following expression of invariant
interval

∆x2 − c2∆t2 = δs2 = ∆x′2 − c2∆t′2 (3,11)

in two inertial reference systems R and R′. Owing to the
fundamental importance of this invariant in special relativ-
ity, from which can be inferred the Lorentz transformations
[11], we propose here a further instructive proof of eq (3,11)
based uniquely on the invariance of c. Consider then the un-
certainty range ∆x = x − xo and examine how its size might

change during a time range ∆t if in general x = x(∆t) and
xo = xo(∆t).

Let be δ± = ∆x ± v∆t the range in R that generalizes the
definition ∆x/∆t = vx to δ± , 0 through a new velocity com-
ponent v , vx taking also into account the possible signs of v.
Regard both δ± as possible size changes of ∆x during the time
range ∆t in two ways: either (i) with xo replaced by xo ± v∆t
while keeping fixed x or (ii) with x replaced by x ± v∆t while
keeping fixed xo. Of course the chances (i) or (ii) are equiva-
lent because of the lack of hypotheses on ∆x and on its bound-
ary coordinates. In both cases one finds indeed δ+ = ∆x+ v∆t
and δ− = ∆x − v∆t, which yield δ = (δ+ + δ−)/2 = ∆x;
so the range size ∆x, seemingly steady in R, is actually a
mean value resulting from random displacements of its lower
or upper boundaries from xo or x at average rates v = ẋo or
v = ẋ as a function of time. Of course v is in general arbi-
trary. The actual space-time character of the uncertainty, hid-
den in δ , appears instead explicitly in the geometric mean
< δ >=< δ−δ+ >= (∆x2 − v2∆t2)1/2 of both time deforma-
tions allowed to ∆x. Note however that the origin O of the
reference system R where is defined ∆x appears stationary in
(ii) to an observer sitting on xo because is x that displaces, but
in (i) O appears moving to this observer at rate ∓ẋo. Consider
another reference system R′ solidal with xo, thus moving in
R at rates ±ẋo. In R′ is applicable the chance (ii) only, as xo

is constant; it coincides with the origin in R′ and, although
it does not in R, yet anyway ẋo = 0. So the requirement
that both (i) and (ii) must be equivalent to describe the defor-
mation of ∆x in R and R′, otherwise these reference systems
would be distinguishable, requires concluding that the chance
(ii) must identically hold itself both in R and R′. This is pos-
sible replacing v = ẋ = c in < δ >, which indeed makes in
this particular case the deformation rate (ii) of ∆x indistin-
guishable in R and R′: in both systems ẋo = 0, as xo is by
definition constant, whereas ẋ also coincides because of the
invariancy of c; when defined through this particular position,
therefore, < δ(c) > is invariant in any R and R′ in agreement
with eqs. (3,11). These equations have been written consider-
ing spacelike intervals; of course an identical reasoning holds
also writing eqs. (3,11) as timelike intervals.

3.5 The invariancy of eqs. (2,1)

The following considerations concern the invariancy of eqs.
(2,1) in different inertial reference systems. The proof is ba-
sed on the arbitrariness of the range sizes and on the fact that
in any R and R′ actually n is indistinguishable from n′ perti-
nent to the different range sizes resulting from the Lorentz
transformations; indeed neither n nor n′ are specified and
specifiable by assigned values, rather they symbolize arbi-
trary numbers of states. Admitting different range sizes in
inertial reference systems in reciprocal motion, the chance of
any n in R corresponds to any other chance allowed to n′ in
R′. However the fact that the ranges are arbitrary compels
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considering the totality of values of n and n′, not their sin-
gle values, in agreement with the physical meaning of eqs.
(2,1). Hence, despite the individual numbers of states can be
different for specific ∆x∆px in R and ∆x′∆p′x in R′, the sets
of all arbitrary integers represented by all n and n′ remain in
principle indistinguishable regardless of how any particular n
might transform into another particular n′.

The fact of having inferred in [9] the interval invariant
in inertial reference systems, the Lorentz transformations of
time and length and the expression px = εvx/c2, should be
itself a persuasive proof of the compliance of eqs. (2,1) with
special relativity; now it is easy to confirm this conclusion
demonstrating the expression of px in a more straightforward
way, i.e. exploiting uniquely the concept of invariancy of c.
The present reasoning starts requiring an invariant link be-
tween ∆px = p1 − po and ∆ε = ε1 − εo in ∆ε = ∆px∆x/∆t.
This is possible if ∆x/∆t = c, hence ∆pxc = ∆ε is a sensi-
ble result: it means of course that any local value ε within
∆ε must be equal to cpx calculated through the correspond-
ing local value px within ∆px although both are unknown. If
however ∆x/∆t < c, the fact that the arbitrary vx is not an
invariant compels considering for instance vk

x∆x/∆t = qck+1

with k arbitrary exponent and q < 1 arbitrary constant. Then
(∆pxv

−k
x )ck+1q = ∆ε provides in general an invariant link of

∆pxv
−k
x with ∆ε through ck+1q. Is mostly interesting the chan-

ce k = 1 that makes the last equation also consistent with the
previous particular case, i.e. (∆px/vx)c2q = ∆ε; so one finds
ε1v
′
x/c

2 − p1 = εov
′
x/c

2 − po with v′x = vx/q. The arbitrary fac-
tor q is inessential because vx is arbitrary itself, so it can be
omitted; hence px = εvx/c2 when considering any local val-
ues within the respective ranges because of the arbitrariness
of po, p1, εo, ε1. At this point holds identically the reasoning
of the previous subsection. Rewrite ∆ε − (∆px/vx)c2 = 0 as
δ± = ∆ε ± (∆px/v)c2 , 0 with v , vx to calculate δ = ∆ε

and < δε >= ±
√
∆ε2 − (∆px/v)2c4; one concludes directly

that the invariant quantity of interest is that with v = c, i.e.
δεc = ±

√
∆ε2 − ∆p2

xc2 that reads

∆ε2 = δε2
c + ∆p2

xc2. (3,12)

So ε2 = (mc2)2 + p2
xc2 once having specified δεc with the

help of eq (3,2). This is not a trivial way to obtain again eqs
(3,3). In general the ranges are defined by arbitrary boundary
values; then ε1 and εo can be thought in particular as arbitrary
values of ε, thus invariant themselves if calculated by means
of eqs. (3,3). So, despite the local values within their own
uncertainty ranges are unknown, the range ∆ε defined as the
difference of two invariant quantities must be invariant itself.
Consider thus in particular the interval of eq (3,11). It is in-
teresting to rewrite this result with the help of eqs. (2,1) as
(nℏ)2∆p−2

x − c2(nℏ)2∆ε−2 = δs2 = ∆x′2 − c2∆t′2, which yields
therefore

δpxδs = nℏ = δp′xδs, (3,13)

δpx = ±
∆px∆ε√
∆ε2 − (c∆px)2

, δp′x = ±
∆p′x∆ε

′√
∆ε′2 − (c∆p′x)2

.

So δpx = δpx(∆px,∆ε), whereas δp′x = δp′x(∆p′x,∆ε
′)

as well. Both δs and δpx at left hand side are invariant: the
former by definition, the latter because formed by quantities
∆ε and ∆px defined by invariant boundary quantities ε1, εo,
p1, po of the eqs. (3,3). Being the range sizes arbitrary and
not specifiable in the present theoretical model, the first eq.
(3,13) is nothing else but the first eqs. (2,1) explicitly rewrit-
ten twice with different notation in invariant form. This fea-
ture of the first eq. (3,13) confirms not only the previous rea-
soning on n and n′, thus supporting the relativistic validity
of eqs. (2,1) in different inertial reference systems, but also
the necessity of regarding the ranges of special relativity as
uncertainty ranges; in other words the concept of invariancy
merges with that of total arbitrariness of n, on which was
based the previous reasoning. In conclusion: (i) disregard-
ing the local coordinates while introducing the respective un-
certainty ranges according to the positions (2,2) is enough to
plug the classical physics into the quantum world; (ii) replac-
ing the concepts of space uncertainty and time uncertainty
with that of space-time uncertainty turns the non-relativistic
quantum physics into the relativistic quantum physics; (iii)
the conceptual step (ii) is fulfilled simply considering time
dependent range sizes; (iv) if the deterministic intervals of
special relativity are regarded as uncertainty ranges, then the
well known formulae of special relativity are in fact quantum
formulae that, as a consequence of eqs. (2,1), also fulfil the
requirements of non-locality and non-reality. Accordingly, it
is not surprising that the basic postulates of special relativity
are in fact corollaries of eqs. (2,1) only, without the need of
any further hypothesis.

3.6 The angular momentum

Let us show how the invariant interval of eq (3,11) leads to the
relativistic angular momentum. Expand in series the range
δs =

√
∆x2 − c2∆t2 noting that in general

√
a2 − b2 = a −

(
b/a + (b/a)3/4 + (b/a)5/8 + ··

)
b
/
2.

Calculated with an arbitrary number of terms, the series
expansion can be regarded as an exact result. Thus write
δs = δrx − δrt/2 where δrt = c∆t

[
c∆t/∆x + (c∆t/∆x)3/4 + ··

]
and δrx = ∆x. Being ∆t and ∆x both arbitrary, δrx and δrt

are independent ranges. Regard δs as the x-component of an
arbitrary uncertainty vector range δs = δrs − δrt/2 and re-
peat identically the reasoning introduced in [7] and shortly
sketched here; the subscripts stand for “space” and “time”.
Insert δs in the classical component Mw = δs × δp · w of an-
gular momentum M along the arbitrary unit vector w. The
analytical form of the function expressing the local value p
does not need to be specified; according to the positions (2,2)
p is a random value to be replaced by its own uncertainty
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range δp to find the eigenvalues of the angular momentum.
For the mere fact of having introduced an invariant interval
into the definition of angular momentum, therefore, Mw re-
sults defined by the sum of two scalars Mw,s = δrs × δp · w
and Mw,t = −δrt × δp · w/2. So Mw,s = w × δrs · δp, i.e.
Mw,s = δp·δIs with δIs = w×δrs. If δp and δIs are orthogonal
then Mw,s = 0; else Mw,s = δpIsδIs, defined by the conjugate
dynamical variables δpIs = δp·δIs/ |δIs| and δIs = |δIs|, yields
immediately by virtue of eqs. (2,1) Mw,s = ±lℏ with l arbi-
trary integer including zero; instead of n, we have used the
standard notation l for the eigenvalues of angular motion of
the particle. Identically one finds also Mw,t = ±l′ℏ/2, with l′

arbitrary integer including zero too. Hence Mw = ±lℏ± l′ℏ/2.
The first addend is clearly the non-relativistic component

lℏ of angular momentum already found in [7], the latter yields
an additional component l′ℏ/2 of angular momentum. Hav-
ing considered the invariant range δs rather than the space
range ∆x only, the further number l′ of states is due to the
time term of the space-time uncertainty; putting ∆t = 0, i.e.
omitting the time/energy uncertainty and thus the time coor-
dinate, δrt = 0 and Mw coincides with the non-relativistic
quantum component of angular momentum only.

Four important remarks concern:
(i) the number l of states allowed for the non-relativistic

angular momentum component coincides with the quantum
number of the eigenvalue of the non-relativistic angular mo-
mentum wave equation;

(ii) the concept of space-time uncertainty defines the se-
ries development of the particular invariant range δs as sum
of two terms, the second of which introduces a new non-
classical component of angular momentum l′/2;

(iii) the local momentum p and local coordinate s within
the ranges δp and δs are not really calculated, rather they
are simply required to change randomly within the respective
ranges of values undetermined themselves; (iv) the bound-
ary coordinates of both δp and δs do not appear in the result,
rather is essential the concept of delocalization ranges only to
infer the total component as a sum of both eigenvalues.

The component Mw = ±lℏ ± sℏ, with s = l′/2, requires
introducing M = L + S. In [7] the non-relativistic M2

nr has
been calculated summing its squared average components be-
tween arbitrary values −L and +L allowed for ±l, with L
by definition positive, thus obtaining M2

nr = 3 < (ℏl)2 >=
L(L + 1)ℏ2. Replace now ±l with ±l ± s; with j = l ± s rang-
ing between arbitrary −J and J, then M2 = 3 < (ℏ j)2 >=

3(2J + 1)−1
J∑
−J

(ℏ j)2 = ℏ2J(J + 1) being J positive by defini-

tion. The obvious identity
J∑
−J

j2 ≡ 2
J∑
0

j2 requires that J con-

sistent with M2 takes all values allowed to | j| from |l − s| up
to |l + s| with l ≤ L and s ≤ S . Since no hypothesis has been
made on L and S, this result yields in general the addition rule
of quantum vectors. Also, holds for S the same reasoning car-

ried out for L in [7], i.e. only one component of S is known,
whereas it is immediate to realize that S 2 = ℏ2(L′/2+1)L′/2.

The physical meaning of S appears considering that: (i)
l′ℏ/2 is an angular momentum, inferred likewise as and con-
textually to lℏ; (ii) l′ results when considering the invariant
space-time uncertainty range into the definition of Mw; (iii)
l and l′ are independent, indeed they concern two indepen-
dent uncertainty equations; the former is related to the angular
motion of the particle, the latter must be instead an intrinsic
property of the particle, as l′ is defined regardless of whether
l = 0 or l , 0. Since in particular l′ , 0 even though the or-
bital angular momentum is null, S can be nothing else but the
intrinsic property of the particle we call spin angular momen-
tum. Indeed it could be also inferred in the typical way of rea-
soning of the special relativity i.e. introducing observers and
physical quantities in two different inertial reference systems
R and R′ in relative constant motion; so, exploiting exactly the
same procedure considering couples δr and δp together with
δr′ and δp′ fulfilling the Lorentz transformation one finds of
course the same result.

It is significant the fact that here the spin is inferred thro-
ugh the invariant interval of eq (3,13), i.e. exploiting eqs.
(2,1) only. This is another check of the conceptual compli-
ance of these equations with the special relativity.

3.7 The hydrogenlike atom/ion

The following example of calculation concerns first the non-
relativistic hydrogenlike atom/ion. Assume first the origin O
of R on the nucleus, the energy is thus ε = p2/2m − Ze2/r
being m the electron mass. Since p2 = p2

r + M2/r2, the po-
sitions (2,2) pr → ∆pr and r → ∆r yield ε = ∆p2

r/2m +
M2/2m∆r2 − Ze2/∆r. Two numbers of states, i.e. two quan-
tum numbers, are expected because of the radial and angu-
lar uncertainties. Eqs. (2,1) and the results of section 3.3
yield ε = n2ℏ2/2m∆r2 + l(l+ 1)ℏ2/2m∆r2 −Ze2/∆r that reads
ε = εo + l(l + 1)ℏ2/2m∆r2 − Eo/n2 with Eo = Z2e4m/2ℏ2 and
εo = (nℏ/∆r − Ze2m/nℏ)2/2m. Minimize ε putting εo = 0,
which yields ∆r = n2ℏ2/Ze2m and εtot = [l(l+1)/n2−1]Eo/n2;
so l ≤ n − 1 in order to get ε < 0, i.e. a bound state.
Putting thus n = no + l + 1 one finds the electron energy
levels εel = −Eo/(no + l + 1)2 and the rotational energy εrot =

l(l + 1)Eo/n4 of the atom/ion as a whole around O. So εrot =

εtot − εel. Repeat the same reasoning putting O on the cen-
ter of mass of the system nucleus + electron; it is trivial to
infer E′o = Z2e4mr/2ℏ2 and ∆r′ = n2ℏ2/Ze2mr, being mr the
electron-nucleus reduced mass. If instead O is fixed on the
electron, i.e. the nucleus moves with respect to this latter, then
E′′o = Z2e4A/2ℏ2 and ∆r′′ = n2ℏ2/Ze2A, being A the mass of
the nucleus. Thus various reference systems yield the same
formula, and then again ε′rot = ε

′
tot−ε′el and ε′′rot = ε

′′
tot−ε′′el, yet

as if the numerical result would concern particles of different
mass.

The ambiguity between change of reference system and
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change of kind of particle is of course only apparent; it de-
pends merely on the erroneous attempt of transferring to the
quantum world dominated by the uncertainty the classical
way of figuring an “orbital” system of charges where one of
them really rotates around the other. Actually the uncertainty
prevents such a phenomenological way of thinking: instead
the correct idea is that exists a charge located somewhere
with respect to the nucleus and interacting with it, without
chance of specifying anything else. This is shown noting that
anyway one finds Eel = −Ze2/2∆ρ with ∆ρ symbolizing any
radial range of allowed distances between the charges, regard-
less of which particle is actually in O. Since the total uncer-
tainty range 2∆ρ is the diameter of a sphere centered on O,
the different energies are mere consequence of different de-
localization extents of a unique particle with respect to any
given reference point.

This reasoning shows that different ranges of allowed ra-
dial momenta entail different allowed energies: if the particle
of mass m is replaced for instance by one of lower mass, then
∆ρ increases while therefore ∆pρ decreases; i.e. Eo reason-
ably decreases along with the range of allowed radial mo-
menta. Of course it is not possible to infer “a priori” if these
outcomes concern the motion of three different particles or
the motion of a unique particle in three different reference
systems; indeed no specific mass appears in the last conclu-
sion. The allowed radial momenta only determine εel, de-
fined as −Eo of two charges −Ze and e at diametric distance
with respect to O times n−2; this latter is the fingerprint of the
quantum delocalization meaning of ∆ρ. So Eo is defined by
the mass m of the particle whose energy levels are of interest;
for instance in the case of a mesic atom m would be the mass
of a negative muon.

Note that εel is the intrinsic energy of the system of two
charges, regardless of the kinetic energy of the atom as a
whole and the rotational energy, i.e. ∆ε = εtot − εel = l(l +
1)Eo/n2. The physical meaning of the boundary coordinates
of ∆x and ∆t has been already emphasized.

Let us consider now the boundary values of other uncer-
tainty ranges, examining also the harmonic oscillator and the
angular momentum. The vibrational and zero point energies
of the former nℏω and ℏω/2 define ∆ε = εtot −εzp = nℏω; i.e.
the lower boundary of the range is related to an intrinsic en-
ergy not due to the oscillation of the mass, likewise as that of
the hydrogenlike atom was the binding energy. In the case of
angular momentum ∆Mw = Mw − l′ℏ = lℏ, with Mw ≡ Mtot,w,
i.e. the lower boundary of the range is still related to the in-
trinsic angular momentum component of the particle; from
this viewpoint, therefore, the spin is understandable as the in-
trinsic property not dependent on the specific state of motion
of the particle with respect to which the arbitrary values of l
define the range size ∆Mw. The same holds for the relativis-
tic kinetic energy of a free particle; the series development of
the first eq (3,3) shows that its total energy is the rest energy
plus higher order terms, i.e. one expects ∆ε = ε − mc2; also

now the lower boundary of the range is an intrinsic feature of
the particle, not related to its current state of motion. Classi-
cally, the energy is defined an arbitrary constant apart; here it
appears that this constant is actually an intrinsic property of
the particle, not simply a mathematical requirement, and that
a similar conclusion should hold in general, thus expectedly
also for the relativistic hydrogenlike energy. Let us concern
the relativistic case specifying the energy ranges in order to
infer the binding energy εel < 0 through trivial manipulations
of eq (3,12) ∆ε2 = c2∆p2 + δε2

c . This expression is the 4D
extension of that considering the component ∆px only; what-
ever the three space components and their link to ∆p might
be, their arbitrariness allows to write again ∆p = p1 − po

and ∆ε = ε1 − εo. The first steps of calculations are truly
trivial: consider c∆p/δεc then calculate (c∆p − ∆ε)/δεc, so
that (cp1 − ∆ε)/δεc = b +

√
a2 − 1 − a with a = ∆ε/δεc and

b = cpo/δεc. Next (cp1 − ∆ε)2/δε2
c yields trivially

∆ε2

(cp1 − ∆ε)2 −
(c∆p)2

(cp1 − ∆ε)2 =
1(

b +
√

a2 − 1 − a
)2 .

A reasonable position is now (cp1 − ∆ε)2 = (c∆p)2: in-
deed the left hand side ∆ε2/(c∆p)2 = 1 for b → ∞, i.e. for
δεc → 0, agrees with the initial equation. Trivial manipula-
tions yield

cp1

∆ε
= 1 ± 1√

1 +
(
b +
√

a2 − 1 − a
)−2

,

c∆p = ±(cp1 − ∆ε), a =
∆ε

δεc
, b =

cpo

δεc
.

This result has not yet a specific physical meaning be-
cause it has been obtained simply manipulating the ranges
∆ε, δεc and c∆p. Physical information is now introduced tak-
ing the minus sign and calculating the non-vanishing first or-
der term of series development of the right hand side around
b = ∞, which is 1/2b2; the idea that specifies the result is
thus the non-relativistic hydrogenlike energy −(αZ/n)2mc2/2
previously found. Requiring b = n/αZ, the limit of the ratio
cp1/∆ε is thus the energy in mc2 units gained by the electron
in the bound state with respect to the free state. To infer a
recall that n = l + 1 and note that the second equation ±∆ε =
cpo − cp1± cp1 reads ±∆ε = cpo or ±∆ε = cpo−2cp1; divid-
ing both sides by δεc, the latter suggests cp1/δεc = (2αZ)−1

in order that ±a = n/αZ or ±a = (n− 1)/αZ read respectively
±a = (l + 1)/αZ or ±a = l/αZ, i.e. a = (l + 1/2 ± 1/2)/αZ.

In conclusion the relativistic form of the binding energy
εel is

εel

mc2 =

√√√√√√√1 +
(αZ)2(

n +
√

( j + 1/2)2 − 1 − ( j + 1/2)
)2 − 1

with j = l ± s. If n → ∞ then εel → 0, while the non-
relativistic limit previously found corresponds to αZ → 0.
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3.8 The pillars of quantum mechanics

Let us show now that the number of allowed states introduced
in eqs. (2,1) leads directly to both quantum principles of ex-
clusion and indistinguishability of identical particles. The re-
sults of the previous section suggest the existence of different
kinds of particles characterized by their own values of l′. If
this conclusion is correct, then the behavior of the particles
should depend on their own l′. Let us consider separately ei-
ther possibility that l′ is odd or even including 0.

If l′/2 is zero or integer, any change of the number N of
particles is physically indistinguishable in the phase space:
are indeed indistinguishable the sums

∑N
j=1 l j + Nl′/2 and∑N+1

j=1 l∗j + (N + 1)l′/2 controlling the total value of Mw be-
fore and after increasing the number of particles; indeed the
respective l j and l∗j of the j-th particles are arbitrary. In other
words, even after adding one particle to the system, Mw and
thus M2 replicate any possible value allowed to the particles
already present in the system simply through a different as-
signment of the respective l j; so, in general a given number
of allowed states determining Mw in not uniquely related to a
specific number of particles.

The conclusion is different if l′ is odd and l′/2 half-inte-
ger; the states of the phase space are not longer indistinguish-
able with respect to the addition of particles since Mw jumps
from . . . integer, half-integer, integer... values upon addition
of each further particle, as any change of the number of par-
ticles necessarily gives a total component of Mw, and then a
resulting quantum state, different from the previous one. In
other words any odd-l′ particle added to the system entails a
new quantum state distinguishable from those previously ex-
isting, then necessarily different from that of the other parti-
cles. The conclusion is that a unique quantum state is consis-
tent with an arbitrary number of even-l′ particles, whereas a
unique quantum state characterizes each odd-l′ particle. This
is nothing else but a different way to express the Pauli ex-
clusion principle, which is thus corollary itself of quantum
uncertainty. Recall also the corollary of indistinguishability
of identical particles, already remarked; eqs. (2,1) concern
neither the quantum numbers of the particles themselves nor
their local dynamical variables but ranges where any particle
could be found, whence the indistinguishability.

We have shown that a unique formalism based on eqs.
(2,1) only is enough to find the basic principles of both spe-
cial relativity and quantum mechanics; also, quantum and rel-
ativistic results have been concurrently inferred. The only es-
sential requirement to merge special relativity and quantum
mechanics is to regard the intervals of the former as the un-
certainty ranges of the latter. The next step concerns of course
the general relativity.

4 Uncertainty and general relativity

In section 3 the attempt to generalize the non-relativistic re-
sults of the papers [7,8] was legitimated by the possibility of

obtaining preliminarily the basic postulates of special rela-
tivity as straightforward corollaries of eqs. (2,1). Doing so,
the positions (2,2) ensure that the special relativity is com-
pliant with the concepts of quantization, non-reality and non-
locality of quantum mechanics [9]. At this point, the attempt
of extending further an analogous approach to the general rel-
ativity is now justified by showing two fundamental corollar-
ies: (i) the equivalence of gravitational and inertial forces and
(ii) the coincidence of inertial and gravitational mass. These
concepts, preliminarily introduced in [9], are so important to
deserve being sketched again here.

Once accepting eqs. (2,1) as the unique assumption of the
present model, the time dependence of the uncertainty range
sizes ∆x = x − xo and ∆px = px − po rests on their link to
∆t through n; for instance it is possible to write d∆x/d∆t in
any R without contradicting eqs. (2,1); this position simply
means that changing ∆t, e.g. the time length allowed for a
given event to be completed, the space extent ∆x necessary
for the occurring of that event in general changes as well. In
other words there is no reason to exclude that ∆t → ∆t + ∆t§,
with ∆t§ arbitrary, affects the sizes of ∆x and ∆px although
n remains constant; in fact eqs. (2,1) do not prevent such a
possibility. Hence, recalling that here the derivative is the ra-
tio of two uncertainty ranges, the rate ∆ẋ with which changes
∆x comes from the chance of assuming ẋ = δx/d∆t and/or
ẋo = δxo/d∆t; also, since analogous considerations hold for
d∆px/d∆t one finds similarly ṗx and ṗo. Also recall that the
boundary values of the ranges are arbitrary, so neither po and
px nor their time derivatives need to be specified by means
of assigned values. Since ṗo and ṗx are here simply defi-
nitions, introduced in principle but in fact never calculated,
the explicit analytical form of the momentum p of general
relativity does not need to be known; the previous examples
of angular momentum and hydrogenlike atoms elucidate this
point. The following reasoning exploits therefore the mere
fact that a local force is related to a local momentum change,
despite neither the former nor the latter are actually calculable
functions of coordinates.

Let us define ∆t and the size change rates d∆x/d∆t and
d∆px/d∆t in an arbitrary reference system R as follows

d∆px/d∆t = F = −nℏ∆x−2d∆x/d∆t (4,1)

with F , 0 provided that ẋ , ẋo and ṗx , ṗo. At left hand
side of eqs. (4,1) the force component F involves explicitly
the mass of the particle through the change rate of its momen-
tum; at the right hand side F concerns the range ∆x and its
size change rate only, while the concept of mass is implicitly
inherent the physical dimensions of ℏ. It is easy to explain
why a force field arises when changing the size of ∆x: this
means indeed modifying also the related size of ∆px and thus
the extent of values allowed to the random px; the force field
is due to the resulting ṗx throughout ∆x whenever its size is
altered. After having acknowledged the link between ∆ẋ and
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F intuitively suggested by eqs. (2,1), the next task is to check
the conceptual worth of eqs. (4,1). Let xo be the coordi-
nate defined with respect to the origin O of R where hold eqs.
(2,1). If ∆t = t − to with to = const, then the previous expres-
sion reads d∆px/dt = F = −nℏ∆x−2d∆x/dt. Formally eqs.
(4,1) can be rewritten in two ways depending on whether xo

or x, and likewise po or px, are considered constants: either
(i) ∆ṗx ≡ ṗx so that ṗx = Fx = −nℏ∆x−2 ẋ or (ii) ∆ ṗx ≡ ṗo so
that ṗo = Fo = −nℏ∆x−2 ẋo.

The physical meaning of these results is realized imagin-
ing in R the system observer + particle: the former is sitting
on xo, the latter is fixed on x. In (i) the observer is at rest with
respect to O and sees the particle accelerating according to
ṗx by effect of Fx generated in R during the deformation of
the space-time range ∆x. In (ii) the situation is different: now
∆x deforms while also moving in R at rate ẋo with respect
to O, the deformation occurs indeed just because the parti-
cle is at rest with respect to O; thus the force Fo displaces
the observer sitting on xo, which accelerates with respect to
the particle and to O according to −ṗo. In a reference system
Ro solidal with xo, therefore, a force F′o still acts on the ob-
server although he is at rest; the reason is clearly that Ro is
non-inertial with respect to R because of its local acceleration
related to −ṗo. Although the reasoning is trivially simple, the
consequence is important: both situations take place in the
presence of a force component because both cases (i) and (ii)
are equally allowed and conceptually equivalent; however the
force in R is real, it accelerates a mass, that in Ro does not;
yet Fx , 0 compels admitting in R also Fo , 0, which in turn
reads F′o , 0 in Ro. Whatever the transformation rule from Fo

to F′o might be, the conclusion is that an observer in an accel-
erated reference frame experiences a force similar to that able
to accelerate a massive particle with respect to the observer
at rest. Of course Fx is actually the component of a f orce
f ield, because it is an average value defined throughout a fi-
nite sized range ∆x deforming as a function of time, whereas
Fo and F′o are by definition local forces in xo; if however the
size of ∆x is smaller and smaller, then Fx is better and better
defined itself like a classical local force.

Now we are also ready to find the equivalence between
inertial and gravitational mass. Note indeed that Fx has been
defined through a unique mass m only, that appearing in the
expression of momentum; hence from the standpoint of the
left hand side of eqs. (4,1) we call m inertial mass. Con-
sider in this respect that just this mass must somehow ap-
pear also at right hand side of eqs. (4,1) consisting of un-
certainty ranges only, which justifies the necessary position
nℏ∆ẋ∆x−2 = m

∑∞
j=2 a j∆x− j according which the mass is also

an implicit function of ∆x, ∆ẋ, ℏ and n; the lower summa-
tion index is due to the intuitive fact that ∆ẋ cannot be func-
tion of or proportional to ∆x otherwise it would diverge for
∆x→ ∞, hence the power series development of the quantity
at left hand side must start from ∆x−2. So, putting as usual the
coefficient of the first term of the series a2 = kG, eqs. (4,1)

yields F = −kGm∆x−2 +ma3∆x−3 + ··. Three remarks on this
result are interesting: (i) the first term is nothing else but the
Newton gravity field, where now the same m plays also the
expected role of gravitational mass generating a radial force
that vanishes with x−2 law if expressed through the local ra-
dial distance x from m; (ii) F is in general additive at the first
order only, as it is evident considering the sum of ∆ẋ1 due to
F1 related to m1 plus an analogous ∆ẋ2 due to F2 in the pres-
ence of another mass m2; (iii) gravitational mass generating F
and inertial mass defined by ṗo coincide because in fact m is
anyway that uniquely defined in eqs. (4,1). By consequence
of (ii) force and acceleration are co-aligned at the first order
only. The proportionality factor kG has physical dimensions
l3t−2; multiplying and dividing the first term at right hand side
by a unit mass mu and noting that mum can be equivalently
rewritten as m′m′′ because m is arbitrary like m′ and m′′, the
physical dimensions of kG turn into l3t−2m−1 while

F = −Gm′m′′∆x−2 + m′m′′a3∆x−3 + · · ·. (4,2)

In conclusion eqs. (2,1) allow to infer as corollaries the
two basic statements of general relativity, the arising of iner-
tial forces in accelerated systems and the equivalence princi-
ple.

This result legitimates the attempt to extend the approach
hitherto outlined to the general relativity, but requires intro-
ducing a further remark that concerns the concept of covari-
ance; this concept has to do with the fact that eqs. (4,1) in-
troduce in fact two forces Fx and Fo in inertial, R, and non-
inertial, Ro, reference systems. This early idea introduced by
Einstein first in the special relativity and then extended also
to the general relativity, aimed to exclude privileged reference
systems by postulating the equivalence principle and replac-
ing the concept of gravity force with that of space-time curved
by the presence of the mass; Gaussian curvilinear coordinates
and tensor calculus are thus necessary to describe the local
behavior of a body in a gravity field. This choice allowed on
the one side to explain the gedankenexperiment of light beam
bending within an accelerated room and on the other side to
formulate a covariant theory of universal gravitation through
space-time Gaussian coordinates.

Yet the covariancy requires a mathematical formalism that
generates conflict with the probabilistic basis of the quantum
mechanics: the local metric of the space-time is indeed deter-
ministic, obviously the gravity field results physically differ-
ent from the quantum fields. It makes really difficult to merge
such a way of describing the gravitation with the concepts
of non-locality and non-reality that characterize the quantum
world. In the present model the concept of force appears in-
stead explicitly: without any “ad hoc” hypothesis the Newton
law is obtained as approximate limit case, whereas the trans-
formation from an inertial reference system R to a non-inertial
reference system Ro correctly describes the arising of an in-
ertial force.
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Hence the present theoretical model surely differs in prin-
ciple from the special and general relativity; yet, being de-
rived from eqs. (2,1), it is consistent with quantum mechanics
as concerns the three key requirements of quantization, non-
reality, non-locality. Also, the previous discussion exploits
a mathematical formalism that despite its extreme simplicity
efficiently bypasses in the cases examined the deterministic
tensor formalism of special relativity. In the next sub-section
4.1 attention will be paid to the concept of covariancy, not
yet explicitly taken into consideration when introducing the
special relativity and apparently skipped so far. Actually this
happened because, as shown below, the concept of covari-
ance is already inherent “per se” in the concept of uncertainty
once having postulated the complete arbitrariness of size and
boundary coordinates of the delocalization ranges.

Let us conclude this introductory discussion rewriting the
eqs. (4,1) as ∆ṗx = F = µ∆ẍ, where

µ = −nℏ
∆ẋ
∆x2∆ẍ

has of course physical dimensions of mass; indeed ∆ṗx en-
sures that effectively µ must somehow be related to the mass
of a particle despite it is defined as a function of space delo-
calization range and its proper time derivatives only.

It is worth noticing that in eq (3,2) the mass was defined
regarding the particle as a delocalized corpuscle confined wi-
thin ∆x, here the quantum of uncertainty ℏ introduces the
mass µ uniquely through its physical dimension. Also note
that µ/ℏ has dimension of a reciprocal diffusion coefficient
D, so the differential equation ∆ẋ/(∆x2∆ẍ) = ∓(Dn)−1 admits
the solution ∆x = (L(ξ) + 1)

√
Dτo, where L is the Lambert

function and ξ = ±n exp(∓n∆t/τo); the double sign is due to
that possibly owned by µ, the integration constants are −to
defining ∆t = t − to and τo. In conclusion we obtain in the
same R of eqs. (4,1)

F = ±n2 ℏ/τo√
Dτo

L(ξ)
(L(ξ) + 1)3 ,

∆x
∆xD

= L(ξ) + 1,

µ = ±ℏ/D, ξ = ±n exp(∓n∆t/τo),

∆xD =
√

Dτo.

(4,3)

Note that the ratio ∆ẋ/∆ẍ = ∓(L(ξ) + 1)2τo/n inferred
from the given solution never diverges for n > 0; moreover
∆x defined by this solution is related to the well known FLRW
parameter q = −äa/ȧ2, where a is the scale factor of the uni-
verse. Replacing this latter with ∆x thanks to the arbitrariness
of ∆xD and ∆x itself, one finds that q = ∓L(ξ)−1.

The importance of eqs. (4,3) rests on the fact that ∆x =
∆xD for n = 0 whereas instead, selecting the lower sign,
∆x < ∆xD for any n > 0; the reason of it will be clear in
the next section 4.3 dealing with the space-time curvature.

It is worth remarking here the fundamental importance
of n: (i) in [9] its integer character was proven decisive to
discriminate between reality/locality and non-reality/non-
locality of the classical and quantum worlds; (ii) previously
small or large values of n were found crucial to describe rela-
tivistic or non-relativistic behavior; (iii) here the values n = 0
and n > 0 appear decisive to discriminate between an un-
physical world without eigenvalues and a physical world as
we know it. This last point will be further remarked in the
next subsection 4.2.

Eventually µ deserves a final comment: µ is a mass de-
fined within ∆x uniquely because of its ∆ẋ and ∆ẍ; its sign
can be in principle positive or negative depending on that of
the former or the latter.

Relate ∆x to the size of our universe, which is still ex-
panding so that ∆ẋ , 0; also, since there is no reason to ex-
clude that the dynamics of the whole universe corresponds to
∆ẍ , 0 too, assume in general an expansion rate not neces-
sarily constant.

It follows for instance µ < 0 if the universe expands at
increasing rate, i.e. with ∆ẋ > 0 and ∆ẍ > 0. Eqs. (4,3)
show that a mass is related to non-vanishing ∆x and ∆ẋ, ∆ẍ.
This result appears in fact sensible recalling the dual corpus-
cle/wave behavior of quantum particles, i.e. imagining the
particle as a wave propagating throughout the universe.

It is known that a string of fixed length L vibrates with two
nodes L apart, thus with fundamental frequency νo = v/2L
and harmonics νn = nνo = nv/2L; the propagation velocity of
the wave is v = νnλn =

√
T/σ, being T and σ the tension and

linear density of the string. If L changes as a function of time
while the string is vibrating and the wave propagating, then
νn and λn become themselves functions of time.

Let the length change occur during a time δt; it is trivial to
find δνn/νn = (v̇/v−L̇/L)δt, i.e. the frequency change involves
L, L̇ and v̇. Put now L equal to the diameter of the universe at a
given time, i.e. identify it with ∆x; then propagation rate and
frequency of the particle wave clearly change in an expanding
universe together with its dynamic delocalization extent.

This therefore means changing the energy ℏδνn of the par-
ticle wave, which in turn corresponds to a mass change δm =
ℏδνnc−2. All this agrees with the definition µ = µ(∆x,∆ẋ,∆ẍ)
and supports the analogy with the vibrating string. If so the
mass µ results related itself to the big-bang energy, early re-
sponsible of the expansion. Once again is the uncertainty the
key to highlight the origin of µ: likewise as the time change
of ∆x entails the rising of a force, see eqs. (4,1), correspond-
ingly the time change of the size of the universe changes the
delocalization extent of all matter in it contained and thus its
internal energy as well.

Two questions arise at this point: has µ so defined some-
thing to do with the supposed “dark mass“? If this latter is
reasonably due to the dynamics of our universe and if the
kind of this dynamics determines itself both space-time cur-
vature and sign of ±µ, has this sign to do with the fact that
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our universe is preferentially made of matter rather than of
antimatter? Work is in advanced progress to investigate these
points, a few preliminary hints are sketched below.

4.1 Uncertainty and covariancy

In general the laws of classical mechanics are not covariant
by transformation from inertial to non-inertial reference sys-
tems. Their form depends on the arbitrary choice of the ref-
erence system describing the time evolution of local coordi-
nates, velocities and accelerations; this choice is subjectively
decided for instance to simplify the formulation of the spe-
cific problem of interest.

A typical example is that of a tethered mass m rotating
frictionless around an arbitrary axis: no force is active in R
where the mass rotates, whereas in Ro solidal with the mass
is active the centrifugal force; also, if the constrain restrain-
ing the mass to the rotation axis fails, the motion of the mass
becomes rectilinear and uniform in R but curved in Ro, where
centrifugal and Coriolis forces also appear. Let in general
the non-covariancy be due to a local acceleration aR in R,
to which corresponds a combination aRo of different accel-
erations in Ro. This dissimilarity, leading to fictitious forces
appearing in Ro only, suggested to Einstein the need of a co-
variant theory of gravitation. Just in this respect however the
theoretical frame of the present model needs some comments.

First, the local coordinates are conceptually disregarded
since the beginning and systematically eliminated according
to the positions (2,2), whence the required non-locality and
non-reality of the present model; accordingly the functions
of coordinates turn into functions of arbitrary ranges, i.e. in
2D aR(x, t) → aR(∆x,∆ε,∆p,∆t, n), whereas the same holds
for aRo . So the classical x-components of aR and aRo trans-
form anyway into different combinations of the same ranges
∆x,∆ε,∆p,∆t; the only information is that the local aR and
aRo become random values within ranges ∆aR = a(2)

R −a(1)
R and

∆aRo = a(2)
Ro
− a(1)

Ro
. Yet being these range sizes arbitrary and

unpredictable by definition, maybe even equal, is still phys-
ically significant now the formal difference between aR and
aRo ?

Second, eqs. (4,1) introduce explicitly a force component
F via ∆ ṗx consequence of ∆ẋ , 0; still appears also in the
present model the link between force and deformation of the
space-time, hitherto intended however as expansion or con-
traction of a 2D space-time uncertainty range.

Third, the positions (2,2) discriminate non-inertial, Ro,
and inertial, R, reference systems; from the arbitrariness of
xo and po follows that of ẋo and ṗo as well. For instance
the previous discussion on the 2D eqs. (4,1) leads directly to
Einstein’s gedankenexperiment of the accelerated box; in the
present model the expected equivalence between gravity field
in an inertial reference system, Fx, and inertial force in accel-
erated frames, F′o, is indeed obtained simply considering the
time dependence of both boundary coordinates of ∆x; with-

out specifying anything, this also entails the equivalence of
gravitational and inertial mass. Being all space-time ranges
arbitrary, the equivalence principle previously inferred is ex-
tensible to any kind of acceleration through a more general,
but conceptually identical, 4D transformation from any R to
any other Ro; indeed defining appropriately xo j and their time
derivatives ẋo j and ẍo j times m, with j = 1, 2, 3, one could
describe in principle also the inertial forces of the example
quoted above through the respective p j, po j and ṗ j, ṗo j.

The key point of the present discussion is just here: the
arbitrariness of both x j and xo j generalizes the chances of
accounting in principle for any aR and any aRo . A typical
approach of classical physics consists of two steps: to intro-
duce first an appropriate R according which are defined the
local coordinates and to examine next the same problem in
another Ro via a suitable transformation of these coordinates,
whence the necessity of the covariancy. The intuitive con-
siderations just carried out suggest instead that the classical
concept of coordinate transformation fails together with that
of local coordinates themselves. Imagine an observer able to
perceive a range of values only, without definable boundaries
and identifiable coordinates amidst; when possibly changing
reference system, he could think to the transformation of the
whole range only. This is exactly what has been obtained
from eqs. (4,1) through the arbitrary time dependence of both
x and xo: the classical physics compels deciding either R or
Ro, the quantum uncertainty requires inherently both of them
via the two boundary coordinates of space-time ranges. The
ambiguity of forces appearing in either of them only becomes
in fact completeness of information, paradoxically just thanks
to the uncertainty: the classical freedom of deciding “a priori”
either kind of reference system, inertial or not, is replaced by
the necessary concurrency of both of them simply because
each couple of local dynamical variables is replaced by a cou-
ple of ranges.

As shown in the 2D eqs. (4,1), in the present model R-
like or Ro-like reference systems are not alternative options
but complementary features in describing any physical sys-
tem that involves accelerations. Accordingly eqs. (4,1) have
necessarily introduced two forces, Fx and Fo, related to the
two standpoints that entail the equivalence principle as a par-
ticular case. After switching the concept of local dynamical
variables with that of space-time uncertainty, the physical in-
formation turns in general into two coexisting perspectives
contextually inferred; inertial and non-inertial forces are no
longer two unlike or fictitious images of a unique law of na-
ture merely due to different formulations in R or Ro, but, since
each one of them requires the other, they generalize the equiv-
alence principle itself. Just this intrinsic link surrogates here
the concept of covariancy in eliminating a priori the status of
privileged reference system. On the one hand, the chance of
observers sitting on accelerated xo or x excludes by necessity
a unique kind of reference system; on the other hand, avoid-
ing fictitious forces appearing in Ro only testifies the ability
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of the present approach to incorporate all forces into a unique
formulation regardless of their inertial and non-inertial na-
ture.

Instead of bypassing the ambiguity of unlike forces ap-
pearing in either reference system only by eliminating the
forces, the present model eliminates instead the concept it-
self of privileged reference system in the most general way
possible when describing a physical system, i.e. through the
concomitant introduction of both R and Ro. The total ar-
bitrariness of both boundary coordinates of the uncertainty
ranges on the one side excludes a hierarchical rank of R or
Ro in describing the forces of nature, while affirming instead
the complementary nature of their unique physical essence;
on the other side it makes this conclusion true in general, re-
gardless of whether xo or x is related to the origin O of R and
to the size of ∆x.

4.2 Uncertainty and space-time curvature

The concept of curvature is well known in geometry and in
physics; it is expressed differently depending on the kind of
reference system. In general relativity the space-time curva-
ture radius is given by ρ = gikRik, being gik the contravariant
metric tensor and Rik the Ricci tensor. As already empha-
sized, however, the central issue to be considered here is not
the mathematical formalism to describe the curvature but the
conceptual basis of the theoretical frame hitherto exposed; the
key point is again that the positions (2,2) exclude the chance
of exploiting analytical formulae to calculate the local curva-
ture of the space-time. So, once having replaced the concept
of space-time with that of space-time uncertainty, the way to
describe its possible curvature must be accordingly reviewed.
Just at this stage, eqs. (2,1) are exploited to plug also the
quantum non-locality and non-reality in the conceptual struc-
ture of the space-time, i.e. into the general relativity.

In a previous paper [9] these features of the quantum wo-
rld were introduced emphasizing that the measurement pro-
cess perturbs the early position and momentum of the ob-
served particle, assumed initially in an unphysical state not
yet related to any number of states and thus to any observ-
able eigenvalue. Owing to the impossibility of knowing the
initial state of the particle, the early conjugate dynamical vari-
ables were assumed to fall within the respective ∆x§ and ∆p§x;
the notation emphasizes that before the measurement process
these ranges are not yet compliant with eqs. (2,1), i.e. they are
unrelated. These ranges, perturbed during the measurement
process by interaction with the observer, collapse into the re-
spective ∆x and ∆px mutually related according to the eqs.
(2,1) and thus able to define eigenvalues of physical observ-
ables through n; this also means that ∆x§ and ∆p§x were mere
space uncertainty ranges, whereas after the measurement pro-
cess only they turn into the respective ∆x and ∆px that take
by virtue of eqs. (2,1) the physical meaning of space-time
uncertainty ranges of position and momentum. The paper

[9] has explained the reason and the probabilistic character
of such a collapse to smaller sized ranges, thanks to which
the measurement process creates itself the number of states:
the non-reality follows just from the fact that after the mea-
surement process only, the particle leaves its early unphysical
state to attain an allowed physical state characterized by the
n-th eigenvalue.

This kind of reasoning is now conveyed to describe how
and why a particle while passing from an unphysical state to
any allowed physical state also curves concurrently the space-
time. In this way the basic idea of the general relativity, i.e.
the space-time curvature, is conceived itself according the
concepts of non-reality and non-locality; the latter also fol-
lows once excluding the local coordinates and exploiting the
uncertainty ranges of eqs. (2,1) only.

To start the argument, note that the arbitrary boundaries
of the range ∆x§ = x§ − xo control the actual path traveled by
a particle therein delocalized. Let the space reference system
be an arbitrary 1D x-axis about which nothing is known; in-
formation like flat or curled axis is inessential. Thus the fol-
lowing considerations are not constrained by any particular
hypothesis on the kind of possible curvature of the early 1D
reference system. Consider first the space range ∆x§ alone;
changing by an arbitrary amount dx§ the actual distance of
x§ from xo on the x-axis, the size of ∆x§ changes as well so
that d∆x§/dx§ = 1, i.e. d∆x§ = dx§. This implicitly means
that the range ∆x§ overlaps to, i.e. coincides with, the ref-
erence x-axis. Thus the delocalization motion of the particle
lies by definition between the aforesaid boundary coordinates
just on this axis, whatever its actual geometry before the mea-
surement process might be. In principle this reasoning holds
for any other uncertainty range corresponding to ∆x§, e.g. the
early local energy of a particle delocalized within ∆x§ could
be a function of its local coordinate along the x-axis; however
such a local value of energy is inconsequential, being in fact
unobservable in lack of n and thus by definition unphysical.

Consider again the aforesaid 1D space range, yet assum-
ing now that a measurement process is being carried out to in-
fer physical information about the particle; as a consequence
of the perturbation induced by the observer, the actual corre-
lation of ∆x = x − xo with its conjugate range ∆px = px − po

of allowed momenta introduces n too; now, by virtue of eqs.
(2,1), these ranges take the physical meaning of space-time
uncertainties and concur to define allowed eigenvalues ac-
cording to the concept of quantum non-reality. Although ∆x
is still expressed by two arbitrary coordinates on the x-axis, it
is no longer defined by these latter only; rather ∆x is defined
taking into account also its correlation with ∆px through n.
In other words eqs. (2,1) compel regarding the change of x,
whatever it might be, related to that of ∆px; this does not
contradict the concept of arbitrariness of the ranges so far as-
sumed, as x remains in fact arbitrary like ∆px itself and un-
known like the function x(∆px) correlating them. Yet, when
calculating d∆x/dx with the condition ∆x∆px = nℏ, we ob-
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tain in general d∆x/dx = −(nℏ)−1∆x2d∆px/dx , 1.
To summarize, ∆x§ and ∆x have not only different sizes

but also different physical meaning, i.e. the former is mere
precursor of the latter: before the measurement process ∆x§

overlapped to the x-axis and had mere space character, the
early path length of the particle lay on the reference axis, i.e.
d∆x§ = dx§; after the measurement process ∆x§ shrinks into
the new ∆x such that in general d∆x , dx, thus no longer co-
incident with the x-axis and with space-time character. In this
way the measurement process triggers the space-time uncer-
tainty, the space-time curvature and the allowed eigenvalues
as well.

Let us visualize for clarity why the transition from space
to space-time also entails curved Gaussian coordinates as a
consequence of the interaction of the particle with the ob-
server. If ∆x§ shrinks to ∆x, then the early boundary coor-
dinates of the former must somehow approach each other to
fit the smaller size of the latter; thus the measurement driven
contraction pushes for instance x§ towards a new x closer to
xo along the reference axis previously coinciding with the
space range ∆x§ and its possible dx§. So, after shrinking,
∆x§ turns into a new bowed space-time range, ∆x, forcedly
decoupled from the reference x-axis because of its acquired
curvature, whence dx , dx§ as well. If length of the x-axis
and size of the uncertainty range physically allowed to de-
localize the particle do no longer coincide, the particle that
moves between xo and x follows actually a bowed path re-
producing the new curvature of ∆x, no longer that possibly
owned by the 1D reference system itself, whence the curva-
ture of the 2D space-time uncertainty range.

This is possible because nothing is known about the actual
motion of the particle between the boundary coordinates xo

and x of the reference x-axis; moreover it is also possible to
say that the new curvature is due to the presence of a mass in
∆x§, as in lack of a particle to be observed the reasoning on
the measurement process would be itself a non-sense.

The last remark suggests correctly that the space-time is
actually flat in the absence of matter, as expected from the
original Einstein hypothesis, so is seemingly tricky the pre-
vious specification that even the early ∆x§ could even owe
a possible curvature coincident with that of the x-reference
axis; this specification, although redundant, was deliberately
introduced to reaffirm the impossibility and uselessness of hy-
potheses on the uncertainty ranges and to avoid confusion be-
tween arbitrariness of the uncertainty ranges and Einstein’s
hypothesis.

Eventually, the probabilistic character of the shrinking of
delocalization range, emphasized in [9], guarantees the prob-
abilistic nature of the origin of space-time and its curvature.
Indeed all above is strictly related to the time uncertainty: a
time range ∆t is inevitably necessary to carry out the mea-
surement process during which ∆x§ and ∆p§x collapse into ∆x
and ∆px.

As found in the previous section, the correlation of the

range deformation with the time involves change of momen-
tum of the particle within ∆px, i.e. the rising of a force com-
ponent as previously explained. This reasoning therefore col-
lects together four concepts: (i) introduces the space-time as
a consequence of the measurement process starting from an
unphysical state of the particle in a mere space range and in
an unrelated momentum range, both not compliant separately
with observable eigenvalues; (ii) introduces the non-reality
into the space-time curvature, triggered by the measurement
process; (iii) links a force field to this curvature by conse-
quence of the measurement process; (iv) introduces the un-
certainty into the concepts of flat space and curved space-
time: the former is replaced by the idea of an early space
uncertainty range where is delocalized the particle coincident
with the coordinate axis, whatever its actual geometry might
be; the latter is replaced by the idea of early geometry modi-
fied by the additional curvature acquired by the new ∆x with
respect to that possibly owned by the x-axis during their de-
coupling. Of course just this additional curvature triggered
by the measurement process on the particle present in ∆x§ is
anyway that experimentally measurable.

In conclusion, the measurement process not only gen-
erates the quantum eigenvalues of the particle, and thus its
observable properties described by their number of allowed
states, but also introduces the space-time inherent eqs. (2,1)
concurrently with new size and curvature with respect to the
precursor space delocalization range. Hence the particle is
effectively confined between xo and x during the time range
∆t; yet, in the 2D feature of the present discussion, it moves
outside the reference axis. Actually these conclusions have
been already inferred in eqs. (4,3); it is enough to identify
∆x§ with the previous ∆xD for n = 0 to find all concepts so
far described.

Note that the existence of a curved space-time was not ex-
plicitly mentioned in section 3, in particular when calculating
the orbital and spin angular momenta or hydrogenlike energy
in subsection 3.3, simply because it was unnecessary and in-
consequential: the eigenvalues do not depend on the proper-
ties of the uncertainty ranges, e.g. on their sizes and possible
curvature, nor on the random values of local dynamical vari-
ables therein defined. To evidence either chance of flat or
curved space-time uncertainty, the next sub-section 4.3.2 de-
scribes the simulation of a specific physical experiment, the
light beam bending in the presence of a gravitational mass,
whose outcome effectively depends on the kind of path fol-
lowed by the particle.

This “operative” aspect of the model is indeed legitimate
now; after having introduced the basic requirements of spe-
cial and general relativity and a possible explanation of the
space-time curvature, we are ready to check whether or not
some significant outcomes of general relativity can be effec-
tively obtained in the conceptual frame of eqs. (2,1) through
the positions (2,2) only. Once again, the essential require-
ment to merge relativity and quantum mechanics is to regard
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the deterministic intervals of the former as the quantum un-
certainty ranges of the latter.

4.3 Some outcomes of general relativity

Before proceeding on, it is useful a preliminary remark. De-
spite the conceptual consistency of eqs. (2,1) with the special
relativity, extending an analogous approach to the general rel-
ativity seems apparently difficult.

Consider for instance the time dilation and the red shift
in the presence of a stationary gravitational potential φ. As
it is known, the general relativity achieves the former result
putting dx1 = dx2 = dx3 = 0 in the interval −ds2 = gikdxidxk;
calculating the proper time in a given point of space as τ =
c−1 ∫

√−g00dx0, the integration yields τ = c−1x0
√

1 + 2φ/c2,
i.e. τ = c−1x0(1 + φ/c2).

In an analogous way is calculated the red shift ∆ω =
c−2ω∆φ between two different points of space where exists
a gap ∆φ of gravitational potential φ. Are the ranges of eqs.
(2,1) alone suitable and enough to find similar results once
having discarded the local conjugate variables?

Appears encouraging in this respect the chance of having
obtained as corollaries the fundamental statements of special
and general relativity. Moreover is also encouraging the fact
that some qualitative hints highlight reasonable consequences
of eqs. (2,1).

Put m′ = ℏω/c2 to describe a system formed by a photon
in the gravity field of the mass m; thus ∆ṗx = F of eq (4,1)
is now specified as the momentum change of the photon be-
cause of the force component F due to m acting on m′. Since
the photon moves in the vacuum at constant velocity c there
are two possibilities in this respect: the photon changes its
wavelength or its propagation direction.

These chances correspond to two relevant outcomes of
general relativity, i.e. the red shift and the light beam bending
in the presence of a gravity field; the former occurs when the
initial propagation direction of the photon coincides with the
x-axis along which is defined the force component ∆ ṗx, i.e.
radial displacement, the latter when the photon propagates
along any different direction. The bending effect is of course
closely related to the previous considerations about the actual
curvature of the space-time uncertainty range that makes ob-
servable the path of the photon; this means that in fact the
deflection of the light beam replicates the actual profile of ∆x
with respect to the x-axis.

Eventually, also the perihelion precession of orbiting bod-
ies is to be expected because of non-Newtonian terms in eq
(4,2); it is known indeed that the mere gravitational potential
of Newton law allows closed trajectories only [12].

From a qualitative point of view, therefore, it seems that
the results of general relativity should be accessible also in
the frame of the present theoretical approach. It is necessary
however to explain in detail how the way of reasoning early
introduced by Einstein is replaced here to extend the previous

results of special relativity. The following subsections aim to
show how to discuss the curvature of the space-time uncer-
tainty range and then how to describe time dilation, red shift
and light beam bending exploiting uniquely the uncertainty
ranges of eqs. (2,1) only, exactly as done at the beginning of
section 3.

4.3.1 The time dilation and the red shift

Infer from eqs. (2,1) ∆x∆px/∆t = nℏ/∆t, which also reads
m∆x∆vx/∆t = nℏ/∆t. Holds also here the remark introduced
about eqs. (4,1), i.e. the particular boundary values of po

and px determining the size of the momentum range ∆px =

px − po are arbitrary, not specifiable in principle and indeed
never specified; therefore, since neither po nor px need being
calculated, the actual expression of local momentum is here
inessential. So, merely exploiting the physical dimensions of
momentum, it is possible to replace ∆px with m∆vx and write
m∆vx∆x/∆t = nℏ/∆t, whatever ∆vx and m might in fact be.
Hence, the energy at right hand side can be defined as follows

mφx = −
nℏ
∆t
, φx = −∆x

∆vx

∆t
, φx < 0. (4,4)

Being the range sizes positive by definition, φx has been
intentionally introduced in the first equation with the negative
sign in order that mφx = −∆ε correspond to an attractive force
component F = −∆ε/∆x of the same kind of the Newton
force, in agreement with the conceptual frame of relativity.
Also, φx does not require specifying any velocity because for
the following considerations is significant its definition as a
function of ∆vx only. This result can be handled in two ways.

In the first way, the first eq. (4,4) is rewritten as follows

− ℏ
∆t
= ε

φx

c2 , ε = (m/n)c2, (4,5)

in which case one finds

∆t − to
∆t

= 1 +
φx

c2 ,
ℏ

ε
= to,

mφx

∆x
= −m

∆vx

∆t
= −FN . (4,6)

Note that to is a proper time of the particle, because it
is defined through the energy of this latter. In this case the
number n is unessential and could have been omitted: being
the mass m arbitrary, m/n is a new mass arbitrary as well.
The third result defines φx as a function of the expected New-
ton force component FN ; hence φx corresponds classically
to a gravitational potential. The first equation is interesting:
it correlates through φx the time ranges ∆t′ = ∆t − to and
∆t. Note that if φx → 0 then ∆t → ∞ according to eqs.
(4,4) or (4,5), i.e. ∆t′ → ∆t; hence the gravitational poten-
tial φx provides a relativistic correction of ∆t, which indeed
decreases to ∆t′ for φx , 0. Eq. (4,6) is thus just the known
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expression τ = (x0/c)(1+φx/c2) previously reported once re-
placing τ/(c−1x0) with ∆t′/∆t; indeed in the present approach
the local quantities are disregarded and replaced by the corre-
sponding ranges of values. The first eq (4,6) shows that time
slowing down ∆t− to occurs in the presence of a gravitational
potential with respect to ∆t pertinent to φx = 0.

The second way to handle eqs. (4,4) consists of consider-
ing two different values of φx at its right hand side and a parti-
cle that climbs the radial gap corresponding to the respective
values of gravitational potential with respect to the origin of
an arbitrary reference system; moreover, being ε constant by
definition because to is fixed, the proper times of the particle
t1 and t2 define the corresponding time ranges ∆t1 and ∆t2
necessary for the particle to reach the given radial distances.
So eqs. (4,5) yield with obvious meaning of symbols

− ℏ/ε
∆t(1) =

φ(1)
x

c2 − ℏ/ε
∆t(2) =

φ(2)
x

c2 .

Hence, putting ω = ∆t−1, one finds

ω1 − ω2

ωo
=
φ(2)

x − φ(1)
x

c2 , ωo =
ε

ℏ
. (4,7)

Here ωo is the proper frequency of the free photon with
respect to which are calculated ω1 and ω2 at the respective
radial distances. This expression yields the frequency change
between two radial distances as a function of ωo

∆ω =
∆φx

c2 ωo.

Since φx is negative, the sign of ∆ω is opposite to that of
∆φx: if φ(2)

x is stronger than φ(1)
x , then φ(2)

x − φ(1)
x < 0, which

means that ω2 > ω1. One finds the well known expression of
the red shift occurring for decreasing values of gravitational
potential. We have inferred two famous result of general rel-
ativity through uncertainty ranges only. Now we can effec-
tively regard these results as outcomes of quantum relativity.

4.3.2 The light beam bending

Rewrite eq (4,2) as FN∆x/(ℏω/c2) = −Gm/∆x; here FN is
due to the mass m acting along the x direction on a photon
having frequency ω and traveling along an arbitrary direc-
tion; the notation emphasizes that the photon energy ℏω/c2

replaces the mass of a particle in the gravity field of m. The
distance between photon and m is of course included within
∆x. Introduce with the help of eq (4,4) the gravitational po-
tential φx = −FN∆x/m, so that φx/c2 = Gm/(c2∆x). Now it is
possible to define the beam deflection through φx, according
to the idea that the beam bending is due just to the gravita-
tional potential; we already know why this effect is to be in
fact expected. Of course, having discarded the local coordi-
nates, the reasoning of Einstein cannot be followed here; yet

since δϕ = δϕ(φx), with notation that emphasizes the depen-
dence of the bending angle δϕ of the photon upon the field φx,
it is certainly possible to express the former as series devel-
opment of the latter, i.e. δϕ = α + β(φx/c2) + γ(φx/c2)2 + · · ·;
α, β and γ are coefficients to be determined. Clearly α = 0
because δϕ = 0 for m = 0, i.e. there is no bending effect; so

δϕ ≈ Gmβ
c2∆x

,
Gm
c2∆x

≈ −β +
√
β2 + 4γδϕ
2γ

. (4,8)

The former expression is simpler but more approximate
than the latter, because it account for one term of the series
development of δϕ(φx) only; the latter calculates instead φx

as a function of δϕ at the second order approximation for rea-
sons that will appear below. Consider first the former ex-
pression and note that even in lack of local coordinates the
deflection can be expressed as the angle between the tangents
to the actual photon path at two arbitrary ordinates y− and
y+ along its way: i.e., whatever the path of the photon might
be, we can figure m somewhere on the x-axis and the pho-
ton coming from −∞, crossing somewhere the x axis at any
distance within ∆x from m and then continuing a bent tra-
jectory towards +∞. Let the abscissas of the arbitrary points
y− and y+ on the x-axis be at distances ∆x− and ∆x+ from
m; the tangents to these points cross somewhere and define
thus an angle δϕ′. The sought total deflection δϕ of the pho-
ton corresponds thus to the asymptotic tangents for y− and
y+ tending to −∞ and ∞. Note now that the same reason-
ing holds also for a reversed path, i.e. for the photon coming
from infinity and traveling towards minus infinity; the intrin-
sic uncertainty affecting these indistinguishable and identi-
cally allowed chances suggests therefore a boundary condi-
tion to calculate the change of photon momentum h/λ during
its gravitational interaction with the mass. The impossibility
of distinguishing either chance requires defining the total mo-
mentum range of the photon as ∆p = h/λ − (−h/λ) = 2h/λ,
i.e. ∆p = (2/c)ℏω. Since the momentum change depends on
c/2, and so also the interaction strength ∆p/∆t correspond-
ing to FN , it is reasonable to assume that even δϕ should de-
pend on c/2; so putting β = 4 in the former expression of
δϕ and noting that the maximum deflection angle calculated
for y− → −∞ and y+ → +∞ corresponds to the minimum
distance range ∆x, one finds the well known result

δϕ ≈ 4Gm
c2∆xmin

.

The numerical factor 4 appears thus to be the fingerprint
of the quantum uncertainty, whereas the minimum approach
distance of the Einstein formula is of course replaced here by
its corresponding uncertainty range ∆xmin. It is also interest-
ing to consider the second equation (4,8), which can be iden-
tically rewritten as follows putting γ = γ′β and again β = 4 to
be consistent with the previous result as a particular case; so

ρ =

√
1 + γ′δϕ − 1

γ′
, ρ =

rS chw

∆xmin
, rS chw =

2Gm
c2 ,
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with the necessary convergence condition of the series that
reads

∣∣∣γ′φx/c2
∣∣∣ < 1 and requires√

1 + γ′δϕ − 1
2

< 1.

This condition requires −δϕ−1 ≤ γ′ < 8δϕ−1, and there-
fore rS chwδϕ

−1 ≤ ∆xmin < 4rS chwδϕ
−1. Replace in this result

δϕ = π and consider what happens when a photon approaches
m at distances rbh between π−1rS chw < rbh < 4π−1rS chw: (i)
the photon arrives from −∞ and makes half a turn around m;
(ii) after this one half turn it reaches a position diametrically
opposite to that of the previous step; (iii) at this point the
photon is still in the situation of the step (i), i.e. regardless
of its provenience it can make a further half a turn, and so
on. In other words, once arriving at distances of the order of
2Gm/c2 from m the photon starts orbiting without possibility
of escaping; in this situation m behaves as a black body. Here
the event horizon turns actually into a range of event horizons,
i.e. into a shell surrounding m about ∼ 3π−1rS chw thick where
the gravitational trapping is allowed to occur; this result could
be reasonably expected because no particle, even the photon,
can be exactly localized at some deterministic distance from
an assigned point of space-time, i.e. the event horizon is re-
placed by a range of event horizons. Note however that the
reasoning can be repeated also imposing δϕ = 2π and, more
in general, δϕ = 2 jπ where j describe the number of turns of
the photon around m. In principle the reasoning is the same
as before, i.e. after j revolutions required by δϕ the photon is
allowed to continue again further tours; yet now trivial calcu-
lations yield ( jπ)−1rS chw < rbh < 4( jπ)−1rS chw. At increasing
j the shell allowing the turns of the photon becomes thinner
and thinner while becoming closer and closer to m. As con-
cerns the ideal extrapolation of this result to approach dis-
tances rbh < π

−1rS chw one can guess for j→ ∞ the chance of
photons to spiral down and asymptotically fall directly on m
without a stable orbiting behavior.

4.3.3 The Kepler problem and the gravitational waves

The problem of perihelion precession of planets is too long to
be repeated here even in abbreviated form. It has been fully
concerned in a paper preliminarily submitted as preprint [13].
We only note here how this problem is handled in the frame
of the present model. It is known that the precession is not
explained in the frame of classical mechanics. If the potential
energy has the form −α/r the planet follows a closed trajec-
tory; it is necessary a form of potential energy like α/r + δU
to describe the perihelion precession. The Newton law en-
tails the former kind of potential energy, but does not justifies
the correction term δU. In our case, however, we have found
the Newton law as a particular case of a more general force
containing additional terms, eq (4,2); thanks to these latter,
therefore, it is reasonable to expect that the additional poten-
tial term enables the perihelion precession to be described.

Also in this case the formula obtained via quantum uncer-
tainty ranges coincides with the early Einstein formula. The
same holds for the problem of the gravitational waves, also
concerned together with some cosmological considerations
in the quoted preprint. Both results compel regarding once
again the intervals of relativity as uncertainty ranges.

4.3.4 Preliminary considerations on eqs. (4,3)

This subsection introduces preliminary order of magnitude
estimates on the propagation wave corresponding to the mass
µ = ℏ/D; the ± sign is omitted because the following consid-
erations concern the absolute value of µ only.

Consider a wave with two nodes at a diametric distance
du on a sphere simulating the size of universe; the first har-
monic has then wavelength λu = 2du. Let the propagation
rate v of such a wave be so close to c, as shown below, that
for brevity and computational purposes only the following es-
timates are carried out replacing directly v with c. Guess the
quantities that can be inferred from D by means of elemen-
tary considerations on its physical dimensions in a reference
system R fixed on the center of the whole universe. Calculate
D as λu times c, i.e. D = 2duc, and define τ as

√
Dτ = du/2,

i.e. as the time elapsed for µ to cover the radial distance of
the universe; so τ describes the growth of the universe from
a size ideally tending to zero at the instant of the big-bang
to the current radius

√
Dτ. Since λu = 0 at τ = 0 and

λu = 2du at the current time τ, then du = 8cτ and D = 16c2τ.
Moreover, considering that G times mass corresponds to D
times velocity, guess that mu = 16c3τ/G introduces the mass
mu to which correspond the rest energy εu = 16c5τ/G and
rest energy density ηu = 3c2/(16πGτ2) calculated in the vol-
ume Vu = 4π(du/2)3/3 of the universe. Also, the frequency
ωµ = ξc2/D of the µ-wave defines the zero point energy

εzp = ℏωµ/2 = µ′c2/2 µ′ = ξµ

of oscillation of µ; the proportionality constant ξ will be jus-
tified below. At right hand side appears the kinetic energy
of the corpuscle corresponding to ℏωµ/2, in agreement with
the mere kinetic character of the zero point energy. Note that
with trivial manipulations D = 16c2τ reads also in both forms

ℏ2

2µ(du/2)2 =
ℏ

2τ
λµ = du/2 =

ℏ

µc
(4,9)

The left hand side of the first equation yields εzp of the µ-
corpuscle, also calculable from ∆p2

zp/2µ i.e. ℏ2/2µ∆x2
zp re-

placing ∆xzp with du/2; this means that the momentum of a
free unbounded particle initially equal to an arbitrary value p1
increases to p2 after confinement in a range ∆xzp, whence the
conjugate range ∆pzp = p2− p1. Equating this result to µc2/2
one finds the second equation, which shows that the Comp-
ton length of the µ-particle is the universe radius. Also ℏ/2τ
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must describe a zero point energy; this compels introducing
the frequency ωu = 1/τ so that it reads ℏωu/2.

Define now the ratio σµ = µD/Vµωµ to express the lin-
ear density of µ as a function of its characteristic volume Vµ

and length ∆xµ = Vµωµ/D: since the squared length inher-
ent D concerns by definition a surface crossed by the particle
per unit time, ∆xµ lies along the propagation direction of µ.
This way of defining σµ = µ/∆xµ is thus useful to calculate
the propagation velocity of the µ-wave exploiting the anal-
ogy with the string under tension T ; so v =

√
T/σµ yields

T = ℏc2/Vµωµ, which in fact regards the volume Vµ as a
physical property of the mass µ. This expression of T appears
reasonable recalling that µ is defined by the ratio ∆ẋ∆ẍ−1∆x−2

of uncertainty ranges, which supports the idea of calculat-
ing its mass linear density within the space-time uncertainty
range ∆xµ that defines σµ through Vµ. Consider that also the
ratio v2/G has the dimension of mass/length; replacing again
v with c we obtain c2 = TG/c2, i.e. the tension of the string
corresponds to a value of F of eqs. (4,3) of the order of the
Planck force acting on µ; so, comparing with the previous ex-
pression of T , one infers Vµ ≈ ℏG/ωµc2, i.e. Vµ ≈ ℏDG/c4.
Thus Vµ has a real physical identity defined by the fundamen-
tal constants of nature and specified to the present problem by
ω−1
µ .

Before commenting this point, let us show that the ac-
tual propagation velocity of the µ-wave is very close to c.
Exploit the wave and corpuscle formulae of the momentum
of µ putting h/λu = µv/

√
1 − (v/c)2 i.e. 2π

√
1 − (v/c)2 =

(v/c); then v ≈ 0.99c justifies the expressions inferred above,
whereas εµ = µc2/

√
1 − (v/c)2 is about 6.4 times the rest

value µc2. Call ξ this kinetic correction factor. In principle
all expressions where appears explicitly µ still hold, replac-
ing however this latter with µ′ = ξµ as done before; it ex-
plains why ωµ has been defined just via ξ. This is also true
for ε′µ = µ

′c2, for ε′zp = εzp(µ′) and for the effective Compton
length λ′µ, which result therefore slightly smaller than du/2
because it is the Loretz contraction of the proper length λµ,
but not for ωu, whose value is fixed by τ and du. Indeed at this
point is intuitive to regard τ as a time parameter as a function
of which are calculated all quantities hitherto introduced.

Before considering this problem let us introduce the par-
ticular value of τ equal to the estimated age of our universe,
commonly acknowledged as about 4 × 1017s; this yields the
following today’s time figures:

du = 9.6 × 1026m, mu = 2.6 × 1054kg,

ωu = 2.5 × 10−18s−1, εu = 2.3 × 1071J,

ηu = 5.0 × 10−10Jm−3, ℏωu/2 = 1.3 × 10−52J,

and also

D = 5.8 × 1035m2s−1, ωµ = 9.9 × 10−19s−1,

µ = 1.8 · 10−70kg, µ′ = 1.2 × 10−69kg,

ε′µ ≈ 1.0 × 10−52J, ℏωµ/2 = 5.2 × 10−53J.

It is interesting the fact that the results split into two
groups of values: the quantities with the subscript u do not
contain explicitly µ and are in fact unrelated to D, ωµ and
εµ. Are easily recognized the diameter du and the mass mu of
matter in the universe, which support the idea that just the dy-
namics of the universe, i.e. ∆ẋ and ∆ẍ, concur together with
its size, i.e. ∆x, to the mass in it present.

This was indeed the main aim of these estimates. The av-
erage rest mass density mu/Vu is about 5.6 × 10−27Kg/m3. Is
certainly underestimated the actual energy εu, here calculated
without the kinetic Lorentz factor taking into account the dy-
namic behavior of mu, i.e. the average velocity of the masses
in the universe; εu and thus ηu are expected slightly greater
than the quoted values. However this correction factor can be
neglected for the present purposes because it would be of the
order of a few % only at the ordinary speed with which moves
the matter. The order of magnitude of the energy density ηu,
of interest here, is close to that expected for the average vac-
uum energy density ηvac; it suggests ηu = ηvac, i.e. the idea
that matter and vacuum are a system at or near to the dynamic
equilibrium based on creation and annihilation of virtual par-
ticles and antiparticles. This way of linking the energy den-
sities of µ and matter/vacuum emphasizes that the dynamic
of the universe, regarded as a whole system, concerns neces-
sarily its total size and life time; this clearly appears in eqs.
(4,9) and is not surprising, since µ is consequence itself of the
space-time evolution ∆ẋ∆ẍ−1∆x−2 of the universe.

Note now the large gap between the values of µ and mu:
this is because the former is explicit function of D, the latter
does not although inferred in the frame of the same reason-
ing. Despite the different values and analytical form that re-
veal their different physical nature, a conceptual link is there-
fore to be expected between them. Let the characteristic vol-
ume Vµ be such that ε′zp/Vµ = ηvac = ηu, which requires
Vµ = 8πGτ2µ′/3. This means that the universe evolves keep-
ing the average energy density due to the ordinary matter, ηu,
in equilibrium with that of the vacuum, ηvac, in turn triggered
by the zero point energy density of µ′ delocalized in it: in this
way both ηvac and ηu result related to the early big-bang en-
ergy and subsequent dynamics of the universe described by
µ. To verify this idea, get some numbers: Vµ = 8πGτ2µ′/3
results about 1.0 × 10−43m3, whereas Vµ = ℏG/ωµc2 yields
the reasonably similar value 7.9×10−44m3. Moreover there is
a further significant way to calculate Vµ. Define the volume
Vµ = π(du/2)2∆xµ and rewrite identically ∆xµ = ℏG/Dc2,
having put T just equal to the Planck force; one finds Vµ =

πℏGτ/c2 i.e. Vµ = 9.8×10−44m3 that agrees with the previous
values although it does not depend on µ and thus on the cor-
rection factor ξ. In other words, ξ could have been also calcu-
lated in order that ω and µ′ fit this last value of Vµ; of course
the result would agree with the relativistic wave/corpuscle be-
havior of µ.
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These outcomes confirm the consistency of the ways to
calculate Vµ and the physical meaning of µ′, in particular
the considerations about T . Yet the most intriguing result
is that the size of Vµ also comes from a very large number,
the area of a diametric cross section of the universe, times an
extremely small number, the thickness ∆xµ = 8.6 × 10−97m
used to calculate the linear density σµ and thus T . Of course
any diametric section is indistinguishable from and thus phys-
ically unidentifiable with any other section, otherwise should
exist some privileged direction in the universe; so the vol-
ume Vµ, whatever its geometrical meaning might be, must be
regarded as permeating all universe, in agreement with the
concept of delocalization required by eqs. (2,1).

Despite µ′c2/2 is a very small energy, its corresponding
energy density accounts in fact for that of the vacuum be-
cause of the tiny value of Vµ. Compare this estimate with
that of muc2 intuitively regarded in the total volume Vu of the
universe: so as Vu is the characteristic volume of ordinary
matter, likewise Vµ is the characteristic volume of µ i.e. a
sort of effective physical size of this latter. Since µ′ > µ, the
first eq (4,9) includes in Vµ an excess of zero point energy
with respect to that previously calculated with µ′; just for this
reason indeed ℏωu/2 > ℏω′µ/2. The previous expressions of
ε′zp account for the actual kinetic mass µ′ by replacing the rest
mass µ. Yet in the first eq (4,9) this is not possible because τ,
once fixed, is consistent with µ and not with µ′. The simplest
idea to explain this discrepancy is that actually ℏ/2τ accounts
for two forms of energy: the zero point energy, which can
be nothing else but ξµc2/2 previously inferred, plus an extra
quantity

δε = ℏ2µ−1(du/2)−2/2 − ξµc2/2

accounting for the dynamic behavior of both µ-particle and
universe. Hence the energy balance per unit volume of uni-
verse consists of four terms: ηu, ηvac, ηzp and δηzp = δε/Vµ.
The first two terms, equal by hypothesis, are also equal to
the third by definition and have been already calculated; δε
amounts to about 7.9×10−53J, so that δηzp = 8.7×10−10J/m3.
Hence δηzp is about 64% of δηzp + ηvac and about 35% of the
total energy density δηzp + ηvac + ηu + ηzp = 2.4 × 10−9J/m3.

The former estimate is particularly interesting because
neither ηvac nor δηzp are directly related to the matter present
in the universe; rather the picture so far outlined suggests that
ηvac is related to µ within Vµ randomly delocalized through-
out the whole physical size of the universe, whereas the or-
dinary matter is in turn a local coalescence from the vacuum
energy density precursor. This idea explains why µ′c2/Vµ =

1.1 × 10−9Jm−3 is twice ηu; actually this result must be in-
tended as µ′c2/Vµ = ηvac + ηu. As concerns the negative sign
of µ, see eqs. (4,3), note that actually the second eq (4,9)
reads λµ = ±ℏ/µc and that ξ turns into −ξ replacing v with
−v; it is easy to realize that this leaves unchanged λµ and the
quantities that depend on mu′, e.g. ωµ and Vµ, while the uni-
verse time τ of eq (4,9) changes its sign. Also σµ change its

sign, so the tension T must be replaced by −T .
The last remark concerns the physical meaning of δε; it is

neither vibrational or zero point energy of µ, nor vacuum or
matter energy. If so, what then is it? Is it the so called dark
energy?

5 Discussion

The discussion of the results starts emphasizing the concep-
tual path followed in the previous sections to merge relativ-
ity and quantum physics via the basic eqs. (2,1). The pre-
requisites of the present model rest on three outstanding key
words: quantization, non-locality, non-reality. Without shar-
ing all three of these features together, the search of a unified
theory would be physically unconvincing and intrinsically in-
complete. The first result to be noted is that the present model
of quantum relativity finds again formulae known since their
early Einstein derivation, which indeed agree with the experi-
mental results, although with a physical meaning actually dif-
ferent; instead of deterministic intervals, the relativistic for-
mulae must be regarded as functions of the corresponding
uncertainty ranges. On the one side, this coincidence ensures
the consistency of the present theoretical model with the ex-
perience. On the other side, the sought unification unavoid-
ably compels transferring the acknowledged weirdness of the
quantum world to the relativistic phenomena: it requires re-
garding the intervals and distances likewise the ranges of eqs.
(2,1), i.e. as a sort of evanescent entities, undefined and ar-
bitrary, not specified or specifiable by any hypothesis, whose
only feature and role rests on their conceptual existence and
ability to replace the local dynamical variables, in no way
defined and definable too. For instance the invariant inter-
val of special relativity turns into a space-time uncertainty
range whose size, whatever it might be, remains effectively
unchanged in all inertial reference systems; in other words,
this well known concept still holds despite its size is actually
indeterminable.

Strictly speaking, it seems understandable that nothing
else but an evanescent idea of uncertainty ranges could ex-
plain counterintuitive quantum features like the non-reality
and non-locality; the former has been described in subsection
4.2 as a consequence of the measurement driven compliance
of the eigenvalues with eqs. (2,1), the latter has been related
in [9] to the elusiveness of concepts like local distances that
hide the ultimate behavior of the matter. The EPR paradox or
the dual corpuscle/wave behavior or the actual incomplete-
ness of quantum mechanics testify in fact different appear-
ances of the unique fundamental concept of uncertainty; the
approach of sections 3 and 4 is so elementary and straightfor-
ward to suggest that the present way of reasoning focuses just
on the limited degree of knowledge we can in fact afford, i.e.
only on the physical outcome that waives any local informa-
tion.

Despite this statement represents the most agnostic start-
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ing point possible, nevertheless it paradoxically connects qua-
ntum theory and relativity in the most profound way expecta-
ble: from their basic postulates to their most significant re-
sults. In this respect the section 4 shows an alternative con-
ceptual path, less geometrical, towards some relevant out-
comes of general relativity: Einstein’s way to account for
the gravity through the geometrical model of curved space-
time is replaced by simple considerations on the uncertainty
ranges of four fundamental dynamical variables of eqs. (2,1).
In this way the approach is intrinsically adherent to the quan-
tum mechanics, which rests itself on the same equations. For
this reason even the general relativity is compliant with the
non-locality and non-reality of the quantum world, as it has
been sketched in section 3.

This conclusion seems surprising, because usually the rel-
ativity aims to describe large objects on a cosmological scale;
yet its features inferred in the present paper can be nothing
else but a consequence of quantum properties consistent with
well known formulae early conceived for other purposes. A
more detailed and complete treatment is exposed in the paper
[13], including also the gravitational waves and the perihelion
precession of the Kepler problem.

The quantization of the gravity field is regarded as the
major task in several relativistic models; although this idea is
in principle reductive alone, because also the non-reality and
non-locality deserve equal attention, examining the present
results this way of thinking appears in fact acceptable. Indeed
the number of states n accounts not only for the quantization
of the results, as it is obvious, but also for the non-locality
and non-reality themselves; as highlighted in [9] the reality
and locality of the classical world appear for n→ ∞ only, i.e.
when n tends to behave like a continuous variable so that the
Bell inequality is fulfilled. So it is reasonable to think that the
quantization has in effect a hierarchical role predominant on
the other quantum properties. Yet this actually happens if n
is never exactly specified because of its arbitrariness, thus en-
suring the invariancy of eqs. (2,1); its effectiveness in describ-
ing both quantum and relativistic worlds appears due indeed
to its lack of specific definition and to its twofold meaning
of number of states and quantum number. Just this ambiva-
lence is the further feature that remarks the importance of n;
on the one side it represents an essential outcome of the quan-
tum mechanics, on the other side it assigns its quantum fin-
gerprint to any macroscopic system necessarily characterized
by a number of allowed states. Of course the incomplete-
ness of information governing the quantum world compels an
analogous limit to the relativity; yet, without accepting this
restriction since the beginning into the sought unified model
through eqs. (2,1), the elementary considerations of sections
3 and 4 would rise topmost difficulties in formulating cor-
rect outcomes. Moreover, typical ideas of quantum mechan-
ics provide a possible explanation of experiments that involve
relativistic concepts. An example in this respect has been pro-
posed in the paper [9] as concerns the possibility of a super-

luminal velocity under investigation in a recent experiment
carried out with neutrinos and still to be confirmed. A rel-
ativistic quantum fluctuation hypothesized in the quoted pa-
per appears compatible with a superluminal velocity transient
that, just because of its transitory character, can be justified
without violating any standard result of the deterministic for-
mulae of early relativity. Other problems are presently under
investigation.

Regardless of the results still in progress, seems however
significant “per se” the fact itself that the quantum character
of the relativistic formulae widens in principle the descriptive
applicability of the standard relativity.
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