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The paper introduces a cosmological model of the quantum universe. The aim of the
model is (i) to identify the possible mechanism that governs the matter/antimatter ratio
existing in the universe and concurrently to propose (ii) a reasonable growth mechanism
of the universe and (iii) a possible explanation of the dark energy. The concept of time-
space uncertainty, on which is based the present quantum approach, has been proven
able to bridge quantum mechanics and relativity.

1 Introduction

Physical cosmology is the science of the most fundamental
questions about past, present and future of the universe. Born
in the modern form with the early Einstein general relativ-
ity (1916), it involves today all branches of the theoretical
physics. The conceptual basis of cosmology relies not only
on the theories of gravity field, but also on the fundamental
interactions between elementary particles. Likely the first at-
tempt of extending the achievements of general relativity to
propose a model of universe based on a physical theory was
made by Einstein himself with the introduction of the cos-
mological constant Λ. At that time the quantum theory was
at its very early beginning, while the gravitational interaction
seemed the most general physical law governing the dynam-
ics of celestial bodies; so the relativity, with or without Λ,
soon appeared as the most valuable resource to proceed be-
yond the Newton physics.

The first milestone of the modern cosmology is due to
Friedmann (1922) and (1924); the hypothesis of universe ho-
mogeneous and isotropic allowed inferring the equations that
describe shape and expansion/contraction propensity of the
universe depending on the value of the density parameter Ω.
After these early contributions, have been proposed several
models of universe, e.g. by Lemaitre (1929) and Eddington
(1930).

The first experimental milestone of cosmology is due to
Hubble, who measured the Doppler shift of light emitted by
far galaxies (1929): the experimental data revealed the reces-
sion velocity law of galaxies with respect to earth. Since then,
any model of universe should allow for this experimental evi-
dence. The second experimental landmark was the discovery
of the cosmic microwave background radiation (Penzias and
Wilson, 1965).

An essential added value to the theoretical cosmology ca-
me from the almost simultaneous development of quantum
mechanics. Without this physical background and the re-
cent Standard Model, the modern cosmology would be in-
conceivable. The cosmic abundance of elements has been in-
vestigated by Weizsacker (1938) and then by Gamow et al
(1948); Chandrasekhar (1942) and more recently Fowler et al

[1] pointed out several processes in the stars that concurrently
account for the formation of heavy elements in the universe.

On the one hand, the understanding of the nuclear pro-
cesses explains the existence of stars and other objects (qua-
sars, white dwarf and so on); on the other hand, however,
is the general relativity that explains the existence and fea-
tures of the black holes. The crucial point of the modern
physics and cosmology is the difficulty of merging relativistic
and quantum theories. Several papers have been published on
quantum gravity, e.g. [2,3]. Today the string theory is deemed
to be a step towards the unification of both theories [4,5]; un-
avoidably the string theory has been also implemented by cos-
mologists to investigate problems of mere quantum nature,
like for instance the vacuum energy and the dark energy [6],
and the cosmological constant as well [7,8,9]. However, the
mathematical difficulties of these theories are daunting, and
their previsions hardly testable.

Yet to shed light on fundamental issues of cosmology are
also useful plain models that exploiting simple assumptions
allow reliable order of magnitude estimates; simplified mod-
els are functional to focus essential but even so significant
information.

The present paper aims to infer the order of magnitude es-
timates starting from a quantum standpoint. The input values
implemented in this paper are the literature estimates of the
universe diameter du = 8.7×1026 m and age tu = 4.3×1017 s.
The total mass of the universe reported in the literature is
estimated to be about mu = 3 × 1052 kg, counting however
the stars only. Thus it is reasonable to expect that the ef-
fective value Mu of total mass should actually be consider-
ably greater than mu. Indeed this latter does not include con-
tributions like the dark mass or the total mass of all black
holes possible existing in our universe, which instead should
be also taken into account when correlating these three main
features of the universe; this reasonably suggests Mu > mu.
The fourth key value to be introduced is the expansion rate on
the universe, usually expressed through the Hubble constant
H0 = 2.3 × 10−18 s−1; this number, which presumably aver-
ages the value of a true function of time, has been object of
great debate because of its importance in cosmology.

Sebastiano Tosto. Space-Time Uncertainty and Cosmology: a Proposed Quantum Model of the Universe 3



Volume 4 PROGRESS IN PHYSICS October, 2013

2 Quantum background

Physicists believe unsatisfactory a theory based on the wave
function ψ without direct physical meaning, e.g. [10]; indeed
ψ∗ψ only has the statistical meaning of probability density
and contains the maximum information obtainable about a
physical system. Moreover also the Wigner function [11], al-
though providing significant information about the quantum
states, presents conceptual difficulties: it cannot be really re-
garded as a probability distribution in the classical sense, it
is a quasi-probability that can take negative values; more-
over it can represent the average value of an observable but
not, in general, also its higher power moments. These diffi-
culties, both inherent the wave formalism, are overcome in a
model that exploits directly the statistical formulation of the
quantum uncertainty, which becomes itself a fundamental as-
sumption of the model and reads in one space dimension

∆x ∆px = n~ = ∆ε∆t. (2,1)

The second equality is formally obtained from the former
rewritten (∆x/vx)(vx∆px) = n~ with the same number n of
states and defining vx = ∆x/∆t and ∆ε = vx∆px; these defini-
tion hold because n and the uncertainty ranges are arbitrary.
(2,1) compel the positions

x→ ∆x; px → ∆px; t → ∆t; ε→ ∆ε. (2,2)

No further hypothesis is necessary besides that of waiving the
random local values of the dynamical variables, considered
random, unknown and unpredictable. To clarify the kind of
quantum approach required by the positions (2,2) and high-
light why (2,1) have prospective interest also in cosmology,
are useful two examples shortly sketched below. The quan-
tum properties are inferred implementing directly the physi-
cal definitions of the observable of interest, without solving
the pertinent wave equations; note however that the operator
formalism of wave mechanics is also obtained as a corollary
of these equations [12], which explains why the results are
anyway the same.

The first example concerns the angular momentum M =

r × p whose component along the arbitrary unit vector w is
Mw = r × p · w; the vectors are defined in a reference sys-
tem R. The positions (2,2) compel r → ∆r and p → ∆p
to calculate the number l of states consistent with the ranges
∆r and ∆p physically allowed to the particle. Thus Mw =

(∆r × ∆p) · w = (w × ∆r) · ∆p yields Mw = ∆W · ∆p, where
∆W = w × ∆r. So Mw = 0 if ∆p and ∆W are orthogo-
nal; else, rewriting ∆W · ∆p = (∆p · ∆W/ |∆W|) |∆W| one
finds ±∆pW = ∆p · ∆W/ |∆W| and thus Mw = ±∆W∆pW ,
i.e. Mw = ±l~ according to (2,1). One component of M
only is knowable; repeating the same approach for another
component trivially means changing w. Therefore the av-
erage values < M2

x >, < M2
y > and < M2

z > calculated in
the same way should be equal. The components are aver-
aged over the possible states summing (l~)2 from −L to +L,

where L is an arbitrary maximum value of l; so < M2
i > =∑li=L

li=−L (~l)2/(2L + 1) i.e. M2 =
∑3

i=1 < M2
i >= L(L + 1)~2.

The mere physical definition of angular momentum is enough
to find quantum results completely analogous to that of the
wave mechanics without any hypothesis on the angular mo-
tion. The same holds for the energy levels of hydrogenlike
atoms. The concerned definitions are now the energy ε =

p2/2m−Ze2/r, being m the electron mass, and the momentum
p2 = p2

r + M2/r2. The positions (2,2) pr → ∆pr and r → ∆r
yield ∆ε = ∆p2

r/2m + M2/2m∆r2 − Ze2/∆r. Two numbers
of states are expected because of the radial and angular un-
certainties. The positions (2,2) and the previous result yield
∆ε = n2~2/2m∆r2 + l(l+1)~2/2m∆r2−Ze2/∆r that reads also
∆ε = εo + l(l + 1)~2/2m∆r2 − Eel with Eel = Z2e4m/2n~2 and
εo = (n~/∆r − Ze2m/n~)2/2m. Minimizing ∆ε with εo = 0
yields ∆r = n2~2/Ze2m; so l ≤ n − 1 in order to get ε < 0,
i.e. a bound state; εrot = l(l+1)Eo/n4 yields the rotational en-
ergy of the atom as a whole. Also here appears that the range
sizes do not play any role in determining the energy levels.
The physical meaning of ∆r, the early Bohr radius, appears
noting that actually Eel = −Ze2/2∆r, i.e. Eel is the energy of
two charges of opposite sign delocalized within a diametric
distance 2∆r apart. It appears now that the quantum numbers
of the eigenvalues are actually numbers of allowed states of
quantum systems.

The key point of this introduction is not the chance of
having found well known results, but the fact of having ex-
tended this kind of approach to the special and general rela-
tivity [13,14]; selected results of interest for the purposes of
the present paper are reported in the appendix. In this respect,
some relevant features of this approach will be exploited later
and thus deserve attention.

- Both time and space coordinates are by definition in-
herent any model based on (2,1).

- Any uncertainty range is defined by two boundary val-
ues, e.g. ∆x = x1 − x0; either of them is necessarily
defined with respect to the origin of a reference sys-
tem, the other one controls the range size. Since both
x0 and x1 are arbitrary, unknown and unknowable by
assumption, neither size nor reference system are spec-
ified or specifiable. Any result obtained from M = r×p
depends on the particular R where are defined r and
p. Yet, once having introduced the positions (2,2), any
reference to the initial R is lost, whereas the eigenval-
ues are correctly inferred from ∆r and ∆p only; indeed
∆M = ∆r × ∆p yields a range ∆M of angular mo-
menta corresponding to all values of the arbitrary num-
ber n of states concurrently introduced via (2,1). Oth-
erwise stated, the previous examples have shown that
the boundary values r0 and r1 of each i-th component
∆ri are unnecessary and do not play any role to find
the eigenvalues; so, since the same holds also for the
momentum range, once disregarding both coordinates
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neither the range sizes nor the reference system are in
fact specifiable. Hence, in general, privileged reference
systems are inherently excluded by the agnostic form of
space-time uncertainty of (2,1), i.e. the results hold in
any four dimensional reference system.

- These examples emphasize that both boundary coordi-
nates could even be time dependent without changing
approach or result: once ignoring the local dynamical
variables, conceptually and not to simplify or approxi-
mate some calculation, no information on the ranges is
actually required.

- The positions (2,2) skip the necessity of solving the
pertinent wave equations and allow working directly on
the physical definitions of the observables; (2,1) extract
the allowed quantum information from the analytical
form itself of the equation defining the observable.

- The concept of delocalization resulting from (2,1) has
more agnostic meaning than that of the wave formal-
ism: here is waived even the concept of probability
density.

- (2,1) and the positions (2,2) rule out the classical con-
cept of distance, because the local coordinates that de-
fine the distance are disregarded themselves “a priori”;
this means that comoving and proper distances cannot
in fact be calculated, while saving however their con-
ceptual physical meaning.

Two questions arise at this point: are (2,1) usefully ap-
plicable also in cosmology? If they really do, why not think
that even the physical dimensions of G could be regarded like
that of the angular momentum previously sketched? Noth-
ing excludes “a priori” positive answers, which however im-
ply clearly that the universe is understandable like a quantum
object. In fact is just this the crucial point that justifies the
present model. These quantum examples have been shortly
introduced to highlight the strategy of the present paper, i.e.
to emphasize the role of the space-time quantum uncertainty
in cosmology. The same kind of approach will be extended to
the physics of the universe exploiting both (2,1) to implement
G via its physical dimensions: the idea is to regard the physi-
cal definition of G likewise as done with the angular momen-
tum. Accordingly the gravity constant is not a mere numerical
value, but a physical amount defined by its dimensional fac-
tors. In effect, at least in principle, nothing prevents regarding
the numerical value of G as that resulting from a combination
of mass and time and space uncertainties; so these factors can
be replaced by the respective time-space ranges that charac-
terize the properties of the universe and handled exactly as
done previously. Three examples useful in the following are
highlighted below.

Write G = ∆r3m−1∆t−2 and calculate

δG = (dG/d∆r)0 δ∆r + (dG/d∆t)0 δ∆t + (dG/dm)0 δm

in an arbitrary reference system R; the subscript emphasizes
that the derivatives are calculated at arbitrary ∆r0, m0 and ∆t0.
Apparently a well defined value of gravity constant seems in-
consistent with the arbitrariness of ∆t, ∆r and m inherent its
physical dimensions and required by the positions (2,2). Yet
the chance of compelling δG = 0 establishes a constrain on
the variability of the constituent factors that makes the defi-
nition of G compatible even with a constant value; moreover
this constrain is ensured at any age of the universe just be-
cause of the arbitrary values of ∆r0 and m0 that represent its
size and total mass at any age ∆t0. So the problem is not the
constancy of G, but that of demonstrating a sensible physi-
cal meaning of the constrain itself. Divide both sides of the
previous expression by ∆r3

0/(m0∆t2
0) and put δG = 0; this is

not necessarily true because some theories regard G as time
dependent function [15, 16], yet let us implement for simplic-
ity this usual position. Here δm , 0 because some models of
universe, the so called self-creation cosmology models [17],
introduce mass production as a function of time. One finds
thus 3δ∆r/∆r0 − δm/m0 − 2δ∆t/∆t0 = 0. Exploit the fact that
the range sizes are arbitrary and that the increments δ∆r, δm
and δ∆t are arbitrary as well and of course defined indepen-
dently of ∆r0, m0 and ∆t0; then regard

(
3
2
− ∆r0

2m0

δm
δ∆r

)
δ∆r =

∆r0

∆t0
δ∆t

in order that this equation has in particular a physical meaning
of specific interest for the present model. So let us write

a(t) =
3
2
− ∆r0

2m0

δm
δ∆r

; c =
∆r0

∆t0
; δ∆r =

c
a(t)

δ∆t

where a(t) is a dimensionless arbitrary function of time. Con-
sider now the particular case of very small range size incre-
ments via the positions δ∆r → dr and δ∆t → dt, possible just
because of their arbitrariness, and integrate both sides of the
former equation between two arbitrary r1 and r2 to which cor-
respond the respective times t1 and t2 necessary for a photon
to travel the space range χ = r2 − r1. Of course the integra-
tion reads χ = ∫ t2

t1 a(t)−1cdt. Therefore with these integration
limits and this definition of the constant ratio ∆r0/∆t0, the
resulting equation has the well known physical meaning of
particle horizon distance and introduces the concept of scale
function a(t).

To complete this analysis on the physical dimensions of
G, put δm → dm consistently with dr and dt and consider
that the equation of a(t) takes the form dm = α(3/2− a(t))dr,
where α = 2m0/∆r0; having defined dr = cdt/a(t), one finds
dm/α = 3ca(t)−1dt/2 − cdt. The integral of this equation
between the fixed times t1 and t2 arbitrarily defined and the
corresponding m1 and m2 yields (m2 −m1)/α = 3(r2 − r1)/2−
c(t2 − t1). In general an equation having the form α−1δm =

3δr/2− cδt does not have specific physical meaning, because
the quantities at right hand side are arbitrary; for instance
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δm = 0 if in particular δr = 2cδt/3, whereas any other value
of δm , 0 would be in principle allowed as well. This simply
emphasizes that the physical meaning of a(t) is not hampered
by constrains on the values of δm or δ∆t or χ. Yet it is also
possible to split the equation into m2/α − 3r2/2 + ct2 = r0
and m1/α − 3r1/2 + ct1 = r0, with r0 arbitrary, which read
thus m2/α = δr∗2 and m1/α = δr∗1 with δr∗2 = r0 + 3r2/2 − ct2
and δr∗1 = r0 + 3r1/2 − ct1. These equations have in effect a
well defined physical meaning, because they read m2/δr∗2 =

m1/δr∗1 = const. The chance of having inferred from G an
equation having the form m/δr∗ = const is important because
it links uniquely any mass m to a corresponding range δr∗ via
a proportionality factor const; as this link must necessarily in-
volve G via a constant term, one expects by dimensional rea-
sons that necessarily const ∝ G/c2. Before concerning this
point, note that these results have been obtained simply defin-
ing G = ∆r3m−1∆t−2, rather than by implementing additional
hypotheses; thus this way of regarding G contains inherently
concepts essential to describe an expanding universe.

To better understand the last result, let us consider a fur-
ther way to exploit the physical dimensions of G via (2,1).
Rewrite G = ∆r3/(m∆t2) as ∆r = Gm/v2 with v = ±∆r/∆t;
so v is the average velocity necessary for a particle to travel
∆r during a time range ∆t in any R, as stressed before. The
maximum value allowed to v, defined along one coordinate
axis for simplicity, introduces a minimum range size ∆r0 of
∆r given by ∆r0 = Gm/c2. By definition ∆r0 is the distance
traveled by a photon starting from an arbitrary point, defined
without loss of generality as the origin of R. Since the photon
can move around the origin towards the negative or positive
side of the reference axis with equal probability, as indeed ei-
ther sign of v is identically admissible, ∆r0 is one half of a
total uncertainty range ∆rs where the photon is certainly en-
closed; so ∆rs = 2∆r0 yields

∆rs = 2Gm/c2 (2,3)

that defines therefore the boundary of the space range outside
which the photon cannot escape. This range size has a general
physical meaning characterized by the ratio m/∆rs only; also,
the same holds of course for a massive particle having v < c.
This equation, already inferred in a more general way still via
(2,1) only [18], has the same form just found examining a(t):
here we simply acknowledge that const = 2G/c2.

Consider eventually that (2,1) read ∆x = (∆ε/∆px)∆t;
moreover it is shown in the appendix that ∆px = vx∆ε/c2,
so that ∆x3 = (c2/vx)3∆t3. Dividing both sides of this equa-
tion by m∆t2 one finds ∆x3/(m∆t2) = (c2/vx)3∆t/m. Hence

∆x3

m∆t2 =
c3

ξ3

∆t
m

; vx =
c2∆t
∆x

; ξ =
vx

c
; ξ < 1. (2,4)

Define ξ = ξG ξc, so that the right hand side of the first (2,4)
reads (c/ξc)3∆t/m and the left hand side ξ3

G∆x3/(m∆t2). Mo-
reover regard in particular ∆t ≡ ∆tu and ∆x ≡ ∆ru; this is cer-
tainly possible because all range sizes of (2,1) are arbitrary,

so they can be regarded with reference to any specific case of
interest. It is also possible to define ξG in order that the left
hand side term corresponds to the value of G with the known
values of ∆ru and ∆tu, so that (2,4) yields also the value of ξc;
in other words (2,4) splits as follows

G = ξ3
G

∆r3
u

m∆t2
u

; G =
c3

ξ3
c

∆tu
m

; ξ = ξG ξc < 1. (2,5)

The previous considerations have evidenced that both expres-
sions are compatible with a constant value of G. The problem
is to show that in this way ξ effectively verifies the required
inequality. The numerical results for m ≡ mu yield ξG = 0.17
and ξc = 1.79, i.e. ξ = 0.3. According to (2,4) ξ does not
depend directly on m, whereas (2,5) show that ξG and ξc do.
For instance, repeating the calculation with m ≡ 10mu at the
same ∆tu one would find ξG = 0.36 and ξc = 0.84, of course
still consistent with the same ξ. In both cases ξG and ξc have
reasonable values, as in general a proportionality constant be-
tween two correlated quantities is expected to be of the or-
der of unity; if not, then some physical reason hidden in the
concerned correlation should account for its actual order of
magnitude. Actually the factor ten just introduced is not ac-
cidental, although it appears at the moment arbitrary and un-
justified; its physical meaning will be highlighted in the next
section. So are of interest the following values

Mu = 10mu; ξG = 0.36; ξc = 0.84; vu = 0.3c. (2,6)

These estimates imply that vx of (2,4) takes the meaning of re-
cession velocity vu of today’s universe boundary, being speci-
fically calculated via ∆ru at our current time ∆tu. Yet there is
no reason to think that the ratio ∆r/∆t is necessarily constant;
so (2,4) prospects in general a variable expansion rate con-
trolled by this ratio at different ages of the universe. More-
over, since vu should reasonably depend also on the amount
of mass within the universe, one expects a link between ∆ru

and mu or more likely Mu; in effect this conclusion will be
confirmed in the next section.

At this point, therefore, the first target of the present mo-
del is to highlight how vu is related to Mu via ∆ru, see in
particular the next equation (3,3) that is the key together with
(2,5) to link ∆ru and ∆tu to Mu. The model is described im-
plementing first these today data, useful to assess the results,
then it is also extended to past times when necessary. For
reasons that will be clear soon, it is useful to begin with the
matter era. The starting points of the present paper are not
the general relativity and the Friedmann equations, but the
quantum equations (2,1). The paper aims to check the ef-
fectiveness of this approach to formulate a possible model of
universe. The worth of the present approach relies in particu-
lar on the fact that just (2,1) have been proven suitable to link
the roots of the quantum mechanics to that of the special and
general relativity [13,14].
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3 Physical background of a possible model of the uni-
verse

According to (2,1) and positions (2,2), the key quantities of
the present paper are not ru and tu, but the ranges ∆ru = ru−r0
and ∆tu = tu − t0. Let ru be the current coordinate of the
boundary of the universe at the time tu, respectively defined
with respect to an arbitrary initial value r0 at the arbitrary
time t0. As previously emphasized, these latter coordinates
are in turn fixed in an arbitrary space-time reference system
R. Once accepting the quantum approach shortly introduced
in section 2 to describe the universe as a quantum system,
however, both r0 and t0 are deemed unknown and unneces-
sary to infer the eigenvalues of the physical observables, de-
scribed instead by ∆ru and ∆tu only; moreover no particu-
lar R is specifiable, in agreement with one of the basic hy-
potheses of the relativity according which all reference sys-
tems are equivalent to describe the physical systems. If the
uncertainty ranges only have physical meaning to define the
quantum eigenvalues describing the observables, as shortly
sketched in section 2, then this kind of universe has no de-
fined center; this latter should be determined with respect to
the origin of R, which however is undefined and indefinable
itself like r0 and t0. Hence the physical universe is a space-
time shell between the radii r0 and ru that define ∆ru. As
the same holds for the time, the beginning of time defining
the cosmological space-time is conceptually unidentifiable; it
could be t = 0 or t = t0 or any intermediate time. Strictly
speaking, ∆ru and ∆tu only characterize the actual physical
features of today’s quantum universe. It means that r0 and t0,
and in an analogous way ε0 and p0 of the respective ranges,
characterize a pre-universe only; i.e. they are precursors of
the space-time quantum ranges of (2,1) to which are actually
related the physical observables of the universe. In fact, the
following considerations will confirm the idea that trying to
determine the initial values r0 and t0 is in fact inessential. The
starting point of the present model is introduced as follows.
Consider ∆pr = n~/∆r putting ∆pr = h/λr − p0: coherently
with ∆r, also ∆pr defines an allowed range of local radial
momenta falling between h/λr and p0, both arbitrary. This
equation yields in particular, specifying ∆r = ∆ru,

nλu = 2π∆ru; λu = λrλ0/(λ0 − λr); λ0 = h/p0. (3,1)

Whatever λ0 might be, λr introduces a new wavelength λu;
this result has in principle general valence because of the fun-
damental character of (2,1). For instance (3,1) imply a con-
dition well known in quantum mechanics: an integer number
n of wavelengths λu around a circumference corresponds to
steady electron waves around a nucleus, in agreement with
the quantization here introduced just by n. As λu has been
defined without specifying the nature of the wave it charac-
terizes, let us concern the particular case of a steady electro-
magnetic wave of wavelength λu traveling on the surface of
a sphere. The assumption r0 � ru brings thus to mind a hy-

perspherical four dimensional closed universe of radius ∆ru

surrounded by a light wave running around any diametric cir-
cumference. This preliminary standpoint suggests in turn a
possible hypothesis about its hypervolume and hypersurface

Vu = (4π/3) ∆r3
u; Au = 4π∆r2

u (3,2)

filled with an amount of matter such to fulfill both (2,3) and
(3,1). This also suggests regarding the universe consistent
with the condition of “maximum growth efficiency”, i.e. like
a supermassive black hole; in effect, the previous considera-
tions show that this conclusion is compatible with the analysis
of the physical dimensions of G. Usually a black hole is al-
lowed to form when any system, e.g. a star of sufficient mass
at the end of its life cycle, collapses down to a critical radius
fulfilling (2,3); so is seemingly surprising an expanding uni-
verse regarded as a supermassive black hole. Yet there is no
physical reason to think that in general the shrinking process
is the distinctive condition allowing a black hole; this usual
idea implemented to explain observable events occurring in-
side the universe cannot be extrapolated to the behavior of
the whole universe itself. Indeed ∆rs has been inferred via
the physical definition of G simply exploiting (2,1), regard-
less of any specific reference to collapse events. Actually the
present hypothesis seems reasonable for a growing universe,
whose main requirement is to prevent mass and radiation en-
ergy losses outside it that could avert its possible evolution.
According to the Hawking mechanism based on the vacuum
polarization in the presence of a strong gravity field, a black
hole inside the universe is able to split a couple of virtual par-
ticles generated by vacuum quantum fluctuation; it captures
one of them, while releasing the other that thus appears as an
ordinary particle. Outside the universe however this mech-
anism does not hold, as the concept of vacuum is replaced
by that of “nothing”. So no energy can escape outside ∆ru.
The universe is thus a closed box unobservable from an ex-
ternal observer possibly existing. This point of view is as-
sessed preliminarily by introducing the Schwarzschild range
(2,3) and identifying ∆rs ≡ ∆ru and m ≡ mu; this position
yields ∆rs = 4.5× 1025 m, which is not very far from the esti-
mated literature radius of the universe. Considering however
that mu quoted above is surely underestimated, as already em-
phasized, it is not surprising a value of ∆rs smaller than the
expected ∆ru consistent with (2,3). Trust thus to the size of
∆ru and try to replace mu with a value Mu > mu defined by

∆ru = 2MuG/c2; (3,3)

one finds

Mu = 3 × 1053 kg; Mu = mu + m? ≈ 10mu (3,4)

i.e. a total mass higher than the literature estimate of the vis-
ible mu, as anticipated in section 2. This equation includes
both the visible mass mu plus a further contribution m? to be
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explained next. Actually nothing excludes in principle the hy-
pothesis (3,3), which in fact can be checked in several ways.
So in the following Mu only, and not mu, will be implemented.
Estimate with the help of (3,2) and (3,3) the average density
of the universe

ρu =
3c6

32πM2
uG3 =

3
8πG

(
c

∆ru

)2

(3,5)

which justifies why this paper starts just from the so called
matter controlled era.

The most direct consequence of (3,3) is the Hawking en-
tropy. Define first the circular frequencies of a light wave
trapped by gravity around the border of the universe as

ωn = nωu; ωu = c/(2π∆ru)

in agreement with (3,1); so the boundary layer of the universe
is marked out by the allowed frequencies of the electromag-
netic field surrounding the total mass Mu, whose energy εω is
given by

ωn = 1.1n × 10−19 s−1

εω =
n~c

2π∆ru
= 1.2n × 10−53 J.

(3,6)

Then let us concern also the total energy εu = Muc2 due to
the whole amount of mass present in the universe. Since one
expects that bulk energy εu and surface energy εω should be
someway correlated, the simplest hypothesis is to introduce a
dimensionless proportionality factor σH such that εu = σHεω.
To infer the physical meaning of σH, calculate the mean val-
ues of this equation, which reads < εu > = σH < εω >. Clear-
ly < εu > ≡ εu. The standard way to calculate < n~ωu > via
the partition function is well known; noting that ~ωu � kBT
is verified for T down to values of the order of 10−28 K, one
finds < n~ωu >≈ kBT . So kBσH defined by an energy over a
temperature can be nothing else but entropy. With the help
of the Plank length lP =

√
~G/c3, one finds indeed thanks to

(3,2) and (3,3)

σH =
<εu >

< n~ωu >
=

Au

4l2P
; ~ωu =

~c
2π∆ru

; εu =
c4

G
∆ru

2
.

In effect, σH coincides just with the well known Hawking
surface entropy in Boltzmann’s units.

Before discussing further evidences to support the idea of
black hole-like universe, as concerns in particular the value
of Mu hypothesized here, let us implement the right hand side
of (2,1): one finds ∆εu = ~/∆tu, whose physical meaning
is clearly that of energy uncertainty range within which is
defined the energy εu of the universe. Moreover, multiplying
both sides by Mu, one finds

∆εu =
~

∆tu
= 2.4 × 10−52 J; ∆pu =

√
Mu∆εu = 9 kg m/s.

So the uncertainty range of the momentum pu of the universe
has size of the order of the Planck momentum. The fact that
the size of ∆εu is very narrow means of course that εu, what-
ever its value might be, is defined almost exactly. It is interest-
ing to implement this result via the definition of G. Replace
m with Mu and ∆tu = ~/∆εu in the second (2,5); one finds
thus ∆εu = ~c3/(ξ3

cGMu) = 1.4ξ−3
c × 10−52 J. Therefore ∆εu

here calculated with ξc = 0.84, i.e. with the same value of
(2,6), agrees with that obtained here directly from (2,1) via
the age of the universe only. So this result on the one hand
supports the value of Mu previously found, on the other hand
it also confirms that the physical dimensions of G actually
summarize the quantum features of the universe.

Owing to (3,3), the second (2,4) reads

vu = c2 ∆tu
∆ru

=
c4

G
∆tu
2Mu

(3,7)

whose numerical value coincides of course with that of (2,6).
According to (2,5), an increasing ratio ∆tu/Mu means a small-
er mass at ∆tu and thus a greater vu, as it is natural to expect.

To implement further these considerations, note that
√
ρG

yields a frequency; so, replacing ρ with ρu of (3,5), one finds

√
ρuG = 2.4 × 10−19 s−1. (3,8)

This value is nicely twice the ground value of (3,6), even
though calculated via G only and regardless of the condition
(3,1); i.e. it requires n = 2. This result has a remarkable
physical meaning that will be highlighted later. After hav-
ing examined the physical meaning of the ratio ~ωn/εu let
us consider now the ratio ~ωn/∆εu: we emphasize that the
deviation of Mu from the visible mass mu is controlled by
the constrain between (3,6) and (2,4), i.e. between the sur-
face energy ~ωn=2 = ~c/(π∆ru) of the electromagnetic wave
surrounding the universe and the uncertainty energy range
∆εu = ~c3/(ξ3

cGMu) = ~/∆tu of the bulk universe; indeed
with the help of (3,3) and (3,6) we obtain

ωn∆tu =
nc∆tu
2π∆ru

=
nvu

2πc
;

~ωn

~/∆tu
=

n
2
ξ3

c

2π
≈ 0.05n (3,9)

according to the values (2,6), which yields ~ωn=2/(~/∆tu) ≈
0.1 = mu/Mu. This result is crucial to understand the physical
meaning of m?, as highlighted in section 4.

Consider now that the ratio c/∆ru of (3,5) has physical di-
mensions time−1; thus it is definable in general as ȧ/a, being
a a function of coordinate and time. It is known that ∆r−1

u de-
scribes the local curvature of a surface; so c/∆ru must be actu-
ally expressed as (ȧ + b)/a via an additive constant b, without
which the curvature of the universe would tend to zero merely
for a tending to a constant. Instead it seems more sensible to
think that even for constant ∆ru the curvature becomes con-
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stant itself, but not necessarily equal to zero. So (3,5) reads

8πρuG
3

=

( ȧ
a

)2
+

(
b
a

)2

+
2ȧb
a2

c
∆ru

=
ȧ
a

(
1 +

b
ȧ

) (3,10)

i.e., more expressively,

8πρuG
3H2 =

ρu

ρc
= 1 +

b
ȧ

(
2 +

b
ȧ

)
; ρc =

3H2

8πG
; H =

ȧ
a
.

Despite the quantum approach has been carried out regard-
less of the general relativity, the conclusion is that b/ȧ < 0 or
b/ȧ = 0 or b/ȧ > 0 depending on the ratio ρu/ρc; either sign
of b/ȧ depends on that of ȧ and b controlling the curvature
according to (3,10). Calling b = ±c and Λ = ∓6H/(ac) the
right hand side reads H2 + (c/a)2 − Λc2/3, i.e. this equation
reduces to the Friedmann equation; H is the Hubble parame-
ter and Λ the cosmological constant. The implications of the
Friedmann equation, as concerns in particular the parameter
k, are so well known that a detailed discussion of (3,10) is
superfluous. We emphasize the crucial role of (3,3) to obtain
directly from (3,5) this result, which however compels auto-
matically accepting here ρu/ρc > 1 once having hypothesized
since the beginning a closed universe with hyperspherical ge-
ometry. If this inequality is such that ρu/ρc & 1, then the pre-
vious considerations are consistent with an almost Euclidean
closed universe, in which case

b
ȧ

(
2 +

b
ȧ

)
& 0. (3,11)

This is verified by 0 < b � ȧ and b/ȧ & −2. Now, after
having preliminarily verified the hypothesis (3,3) suggested
by (3,1), let us check also the self-consistency of the consid-
erations hitherto exposed examining once more c/∆ru.

It is reasonable to think ∆ru proportional to the age ∆tu
of the universe; so it is possible to write a series expansion
defining ∆ru as ∆ru =

∑
j=1a j(c f ) j, where f = f (∆t) is an

appropriate function of time to be defined and a j are constant
coefficients of the series. Rewriting more conveniently this
series as ∆ru = a1c fϕ, where ϕ = 1 + a2c f /a1 + a3(c f )2/a1 +

···, one expects that a1 of the first order term should be close to
the unity for the aforesaid reasons. Implement once again the
physical dimensions of G similarly as done before and put in
particular f (∆t) ≡ ∆tu; if this position is correct, then ∆ru =

a1cϕ∆tu with ϕ ≈ 1 yields a1 ≈ 2c/ξ3
c . On the other hand

ξc of (2,6) has been calculated in order to fit the numerical
value of G = c3∆tu/(ξ3

c Mu) of (2,5), which results also in
agreement with that of (3,9); as this equation of G reads ∆ru =

(2c/ξ3
c )∆tu with the help of (3,3), one finds at the first order

a1 ≈ 2c/ξ3
c and thus ∆ru ≈ (2c/ξ3

c )ϕ∆tu. Also this result
agrees with the previous estimate of ξc defining ∆ru/∆tu: in
effect from (2,4) and (2,6), ∆ru = (c/ξ)∆tu compares well

with ∆ru = (2c/ξ3
c )∆tu because the values (2,6) verify ξ−1 =

2/ξ−3
c . This confirms that effectively ϕ ≈ 1. Hence defining

H0 =
1

ϕ∆tu

one finds with a1 ≈ 2c/ξ3
c and once more the given value of

ξc

H0 =
2c

ξ3
c ∆ru

= 2.4 × 10−18 s−1.

So at the first order H0 coincides with ∆t−1
u ; moreover the sec-

ond (3,10) yields H(1+b/ȧ) = ξ/(ϕ∆tu), i.e. 1+b/ȧ ≈ ξH0/H
and thus 1 + b/ȧ ≈ 1 in agreement with (3,11). The present
estimate of H0 fits well the average value of the Hubble con-
stant, which according to recent measurements falls in the
range (2.2 ÷ 2.6) × 10−18 s−1.

These results justify the advantage of introducing the pre-
sent quantum model with the matter era; once having esti-
mated H0 and inferred the Friedmann equation, it is easy to
describe also the radiation controlled era as shown below.

It is worth emphasizing the strategy of the present ap-
proach. The standard way to infer cosmological information
is to find the solution of the gravity field equations and next
to implement the Friedmann solutions: these equations pro-
vide information about the open or closed geometry of the
universe. Here a different approach has been followed. The
quantum equations (2,1) have been implemented since the be-
ginning to introduce the wavelength λu and formulate by con-
sequence the concurrent hypothesis (3,3) about a possible ge-
ometry of closed universe; thereafter this preliminary idea has
been checked to infer (i) the Hawking entropy, (ii) the link be-
tween mass density and curvature radius of the universe, (iii)
to obtain a Friedmann-like equation and (iv) to estimate the
Hubble constant. Moreover, exploiting the same approach
outlined in section 2 for the angular momentum, the factors
that define the physical dimensions of G allowed to correlate
correctly size, age and mass of the universe. The remain-
ders of this paper aim to implement these preliminary ideas
to show that further reasonable results are inferred hereafter.

3.1 The matter era

Let us estimate the average mass and energy densities ρu and
ηin = ρuc2 of the universe, which result to be with the help of
(3,2) and (3,5) of the order of

ρu =
Mu

Vu
=

3c2

2AuG
= 8.7 × 10−28 kg/m3

ηin =
Muc2

Vu
=

3c4

2AuG
= 7.8 × 10−11 J/m3.

(3,12)

These values reasonably agree with that calculated in a very
different way in [18]; the corresponding “non-visible” energy
density is instead of the order of

η? = 3m?c2/(4π∆r3
u) = 7 × 10−11 J/m3; m? ≈ 9mu.

Sebastiano Tosto. Space-Time Uncertainty and Cosmology: a Proposed Quantum Model of the Universe 9
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The ordinary visible mass of the universe is about 10% of
the total mass only, whereas the remainder mass m? accounts
for the 90% gravitational effect responsible of the black hole-
like behavior of the whole universe. The average density
ρu hides the physical nature of the actual total mass. More-
over, besides mu of visible stars, Mu consists of a preponder-
ant contribution m? of different physical nature: for instance
all black holes possibly existing in the universe, or interstel-
lar gas and dust, or free elementary particles, and so on in-
cluding also the so called dark mass. A complex system of
particles contributes to Mu, whose actual nature is however
not explicitly concerned in neither of (3,12). According to
some theories the elements were formed inside the stars by
neutron bombardment of light nuclei and subsequent β de-
cay, e.g. [19], other authors believed instead that elements
were formed during the early stages after the big bang, e.g.
[20]; more recently other authors returned to their formation
inside the star by virtue of several nuclear processes [1]. De-
spite (3,12) waive specific information about the actual com-
position of Mu, the assumption of large scale homogeneity
and isotropy of the universe supports the effective physical
meaning of average ρu. Moreover the concept of quantum
delocalization introduced by (2,1) stimulates itself the idea
of average mass spreading uniformly throughout the universe
likewise as the energy field of light radiation. This idea is
useful to link the matter era to the earlier radiation era. It will
be emphasized in the next subsection 3.2 that the radiation
field, almost mono-chromatic at the beginning of the radia-
tion era, turned into a more complex spectrum of wavelengths
because of the concurrent expansion of the universe; so quan-
tum fluctuations and possible events of constructive interfer-
ence, statistically allowed to occur anywhere in the radiation
field, promoted favorable conditions to form local couples of
virtual particles uniformly distributed in the available volume
of the early universe. It is known indeed that proton and an-
tiproton virtual couples are formed by vacuum fluctuations
and high order two-photon interactions during photon fluctu-
ations able to generate fermion-antifermion pairs [21]. So it
seems reasonable to guess that this mechanism triggered the
evolution of the early radiation field to couples of virtual par-
ticles continuously annihilating and re-materializing up to the
later formation of colder real matter. Some considerations on
this point will be shortly sketched in the appendix. For the
purposes of the present paper, however, it is enough to ac-
knowledge that today’s ρu corresponds on average to about
one half proton mass per cubic meter of universe and that
(3,12) hold identically while considering the mass of antipro-
tons. Despite this idea is mere statistical abstraction, (3,12)
are useful for the purposes of the present model; they imple-
ment the assumed homogeneity and isotropy of the universe
in its strongest form possible. Even with such information
only, i.e. whatever the actual abundances of the j-th elements
of mass m j might be today within each unit volume of uni-
verse, it is possible to introduce: (i) an elementary volume

V0 physically located anywhere and defined as that contain-
ing on average one proton or one antiproton and (ii) a linear
combination mp =

∑
jai jm j that accounts via the local co-

efficients ai j = ai j(xi, yi, zi, t,m j) for the actual composition
of real matter progressively formed everywhere after the ra-
diation era. These coefficients weight the time profile of the
local effective abundances, e.g.: they are null if the pertinent
coordinates of ai j correspond to an empty volume of universe
where m j = 0, moreover all ai j were equal to zero during the
early radiation era, and so on. Since the local coordinates are
conceptually disregarded by (2,1) and positions (2,2), how-
ever, let the indexes i and j number respectively the Nin ele-
mentary volumes V0i of the universe and the various elements
therein formed a time range ∆t after its birth. The abundances
are subjected to the boundary condition of the first (3,12); for
instance, at today’s ∆tu this point of view is summarized by
the sums

ρu =
1

Vu

∑

i, j

ai jm j

ai j = ai j(V0i,∆t,m j)
∑

i, j

ai jm j = Ninmp.

(3,13)

The first two equations emphasize the local composition of
ρu, the last one fits in particular the condition of today’s av-
erage density. In fact (3,13) regard the universe as a lattice,
whose elementary cells are the volumes V0i uniformly occu-
pied by one proton or one antiproton of every virtual couple
with equal probability. Each cell is therefore a possible al-
lowed state for either of them, i.e. the universe is statistically
described by a total number Nin = Vu/V0 ≈ 1.7 × 1080 of de-
generate states corresponding to ηin; also, since by definition
each V0 contains on average one proton mass, mpNin = Mu.
So according to (3,12) the energy levels εV0 of one proton
or one antiproton in the respective V0 states are mpc2/2 and
mp̄c2/2, i.e.

εV0 = 7.8 × 10−11 J; V0 ≈ 2 m3 (3,14)

in order that effectively Mu/Vu = mp/V0, in agreement with
(3,12). Of course εV0 includes also the interaction energy be-
tween charges in different cells, e.g. that of couples of all vir-
tual particles possibly generated together with energetic pro-
tons and antiprotons; this is possible because Muc2 involves
the visible mass energy muc2 plus the contribution of m?c2.
Note eventually that despite Muc2 results statistically equiva-
lent to the sums

∑

i

(εV0 prot + εV0 antiprot) = Ninmpc2/2 + Ninm p̄c2/2 (3,15)

over all the elementary volumes V0, it will be shown later
that an effective entropy driven mechanism in fact marked the
transition from the radiation era to the matter era; so the sum

10 Sebastiano Tosto. Space-Time Uncertainty and Cosmology: a Proposed Quantum Model of the Universe



October, 2013 PROGRESS IN PHYSICS Volume 4

of (3,15) reads actually
∑

i

(εV0 prot + εV0 antiprot) = Ninmpc2. (3,16)

Before describing this mechanism, the results so far obtained
are summarized as follows: (i) each cell is in fact an allowed
state for one proton or one antiproton; (ii) (3,14) represents
the excitation energy necessary to remove either of them from
its own V0 and leave behind an empty cell; (iii) the latter rep-
resents a vacuum state, whereas either particle present in V0
defines an occupied state.

To highlight the physical meaning of these points, con-
sider an arbitrary mass m at the boundary of the universe.
The shell theorem shows that the gravity force acting on m
is that due to Mu regarded in the ideal center of a spherical
body; so is accordingly calculated for a radius ∆ru its en-
ergy ε = GMum/∆ru that, exploiting once again (3,3), reads
also ε = mc2/2. If for instance m represents the mass of
one proton or one electron, mp = 1.7 × 10−27 kg and me =

9.1 × 10−31 kg, then one finds

εp = G
Mump

∆ru
=

mpc2

2
= 1.0 × 10−10 J

εe = G
Mume

∆ru
=

mec2

2
= 5.4 × 10−14 J.

(3,17)

The second (3,17) emphasizes that if the volume V0 would be
occupied by one electron with its own energy level mec2/2,
then V0 would represent a possible state for this electron. To
clarify where anyway does m come from, note that at today’s
∆tu the proton energy level εV0 inside any state V0 of the bulk
universe, (3,14), is equal to the energy εp, (3,17), of one pro-
ton at the boundary of the universe. So

εp = εV0 . (3,18)

This equation in fact reads c2/2 = MuG/∆ru, which is noth-
ing else but (3,3). Thus (3,18) and the first (3,17) do not de-
pend on the proton mass, and hold whatever else mp might
represent. Moreover neither the analytical form of ρu nor that
of ηin introduce explicitly mp. Rather, the latter introduces
the mere Planck force c4/G acting on the total surface Au of
the universe. There are two reasons why the average values
defined by (3,12) and (3,13) have importance for the follow-
ing discussion: on the one hand, the right side of (3,12) links
correctly energy density and pressure; on the other hand, be-
ing known that the pressure of a perfect gas is 2/3 of its en-
ergy density, the second (3,12) suggests regarding ηin in each
volume V0 as due to a proton/antiproton gas occupying uni-
formly all bulk states of the universe. As this average pressure
appears to be a physical property of all elementary volumes
V0, then the internal pressure that characterizes the whole uni-
verse results to be, again via (3,3),

Pin =
2
3

Muc2

Vu
=

c4

AuG
= 5.6 × 10−11 Pa. (3,19)

The fact that even Pin does not depend explicitly on mp sug-
gests that (3,12) have actual physical meaning. The factor
2/3, numerically irrelevant in the frame of the order of mag-
nitude estimates proposed here, is however conceptually sig-
nificant to check the physical meaning of (3,12). Taking into
account (3,16), (3,19) reads

PinVu =
2
3

E; Muc2 = E = Ninmpc2.

The surprising fact is that the mere definition of energy den-
sity, without any additional hypothesis, portrays the whole
universe as a container full of quantum or classical gas, whose
mass Mu exerts Planck force against its inner boundary; in-
deed the first equation holds for Boltzmann, Bose and Fermi
statistics, which confirms that effectively any kind of quan-
tum or classical particle, thus why not the proton, is com-
patible with Mu without affecting the validity of (3,19). Fur-
thermore this picture holds at any time, because the surface
Au can be replaced by any A likewise related to the pertinent
M/V whatever the numerical value of the ratio might be. For-
mally this is justified by the second equation, where E result-
ing from Muc2 is also associated to a number Nin of proton
masses fulfilling the global energy conservation. Yet the sim-
ple equivalence matter/energy does not seem enough to ex-
plain why chunks of matter like asteroids or stars or cosmic
powder could mimic the pressure of a proton gas of equiva-
lent total mass filling uniformly the universe. This is how-
ever a classical way to think the universe. More stimulating
appears in this respect the quantum character of the present
model. First of all, the couples proton/antiprotons have been
guessed as mere numerical hint due to the average value of
the mass resulting in (3,12); but in fact any gas could be con-
sistent with (3,19), which indeed does not make explicit ref-
erence to mp. The chance that any gas mixture could con-
tribute to E is a step towards introducing the actual existence
of chemical abundances symbolized by various m j; the first
(3,13) merely means that the degenerate proton or antipro-
ton energy levels mpc2/2 split into a complex system of non-
degenerate energy levels describing the local bound states of
cosmic matter. From this point of view, the energy conser-
vation between two different systems of quantum energy lev-
els appears more pertinent: since in principle one level could
split into several non-degenerate levels in an infinite number
of ways, the energy conservation appears as essential bound-
ary condition to calculate the latter from the former, rather
than a mere statistical abstraction. More significant is how-
ever the dual wave/corpuscle behaviour of matter. A body
of real matter is superposition of waves to form a group in
principle spreading from minus infinity to infinity but with a
maximum probability of being somewhere: the amplitude of
the wave packet rapidly decreases at the edge of a region that
determines the most probable position and the finite extent of
the body, whose possible motion is nothing else but the group
velocity of the wave packet. It is known that the electromag-
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netic waves exert a pressure, whence the photon gas physics:
why not to think the same about delocalized matter waves,
according to (2,1)? If so, then the matter era began when
matter waves started to appear in the pre-existing field of elec-
tromagnetic radiation according to the mechanism [21]. The
appendix gives some more hints on this topic.

On the one hand these considerations are interesting be-
cause Pin controls the expansion of the universe, as it will be
shown below; on the other hand the idea of V0 bulk states al-
lowed to protons and antiprotons, although suggested by the
numerical values of (3,12) only, is attracting because it links
radiation era and matter era, at the beginning of which cou-
ples of matter/antimatter particles were in fact formed. Any-
way the significant conclusion is that (3,17) to (3,19) skip mp

and thus can be further implemented in the following regard-
less of whether the volumes V0 are really occupied by protons
or any other mass.

Exploit (3,19) to infer the average temperature T related
to Pin in V0. Here T ≈ E/(NinkB) = mpc2/kB helps to estimate
the average temperature in each elementary volume V0; one
finds T ≈ 1013 K. This estimate fulfills the usual statistical
meaning of temperature, as the proton here concerned has a
statistical meaning itself. To better assess this result consider
the pressure P of an ideal gas of molecular weight Mmol and
average density ρ in the volume V0, so that ρ = PMmol/RT .
Exploiting (3,12) and (3,19) at the time ∆tu to express ρ ≡ ρu

and P ≡ Pin, one finds Mu/Vu = (2Muc2/3Vu)Mmol/RT , i.e.
T = 2c2Mmol/3R. Hence T is explicitly related to the specific
Mmol only, regardless of the time ∆tu and related universe vol-
ume Vu. A uniform distribution of hydrogen in each V0, i.e.
Mmol = 10−3 kg, estimates again T ≈ 1013 K, in agreement
with that inferred directly from mpc2/kB. Even the formation
of hydrogen will be justified in the subsection 3.4 as a conse-
quence of the step from (3,15) to (3,16). This large value is
enough for protons to form further couples of virtual photons
and fermions/antifer-mions; this supports the idea that effec-
tively the protons early formed trigger the successive energy
balance in V0 qualitatively indicated in (3,13).

The previous ways to estimate T refer to the time where
early hadrons began to form everywhere in the radiation field
of such universe and indicate a temperature corresponding to
a uniform distribution of virtual couples occupying the avail-
able states at the end of the radiation era. The same equa-
tions could in principle estimate the local T even during the
subsequent matter era, when the bombardment with energetic
neutrons allowed forming heavy elements; yet the concurrent
clustering of matter determined a structure of the universe lo-
cally inhomogeneous, so at that later time a unique average T
does no longer make sense. Actually both time and volume
of the universe determine the value of Mmol. In particular, the
expansion of the universe is crucial to determine the time pro-
file of T after the radiation era: the hypothesis (3,3) requires
M/∆r = const, which also compels that M/∆r3 is a decreas-
ing function of time for increasing ∆r. So an increasing frac-

tion of empty zones of the universe corresponds in principle
to a global decreasing value of T ; the calculation of the re-
spective temperatures is not as immediate and straightforward
as in the previous case, characterized by a uniform distribu-
tion of a unique kind of early particles. In this case both local
coefficients ai j and atomic weights of the elements m j must
be known: the sums of (3,13) are related to the abundances
within the various volumes V0i of cosmic objects, character-
ized by the different kinds of elements and local coefficients
ai j, and to empty parts of the universe.

A question arises now: did (3,3) and (3,18) hold even in
the past? In fact there is no reason to suspect that this con-
dition is an exclusive feature of the today space-time coor-
dinates ∆ru and ∆tu, which indeed have nothing special with
respect to any past or future ∆r and ∆t. The only necessary
hypothesis to answer affirmatively is that the current V0 grows
together with the size of the universe, which is possible if its
sizes are comoving distances. Otherwise stated, let V ′0 be the
past value of V0 at any ∆r < ∆ru and ∆t < ∆tu; we require
mpc2/2 = MmpG/∆r, being M the past total mass. This re-
quirement emphasizes the previous remarks: the actual na-
ture of proton mass mp is irrelevant as concerns (3,18), which
holds thus whatever mp stands for, i.e. whatever the relative
element abundance of (3,11) in V0 might have been at ∆t. On
the one hand c2/2G = Mu/∆ru requires Mu/∆ru = M/∆r
and thus M = c2∆r/2G, i.e. the black hole condition held
also in the past. On the other hand one expects that V ′0 scales
with ∝ ∆r3, in order that it be definable even for the smaller
universe sizes of the early matter era; so V ′0 = (∆r/∆ru)3V0,
i.e. V ′0 was reasonably much smaller than today’s V0. In
this way multiplying both sides by Nin one finds NinV ′0 =

(∆r/∆ru)3NinV0; since by definition NinV0 = Vu, (3,2) yield
NinV ′0 = (4π/3)∆r3, i.e. in the early hypersphere volume de-
fined by ∆r the number of elementary volumes and thus of
states allowed to the new born matter was the same as today’s
Nin. In summary

M =
∆r
∆ru

Mu; V ′0 =

(
∆r
∆ru

)3

V0; Nin = const. (3,20)

What is important for the following discussion is that un-
der reasonable assumptions the condition (3,18) could hold
also in the past and that Nin was since the beginning finger-
print of our universe. (3,20) help to guess the size of the
universe at the beginning of the matter era. It is instructive
to proceed stepwise calculating ∆r and V ′0 by trial and er-
ror, i.e. assessing these quantities as a function of sensible
values of M. If M would be the mass of one couple pro-
ton/antiproton only, then ∆r ≈ 4.9 × 10−54 m, which would
mean a volume V ′0 ≈ 2.9 × 10−240 m3, unrealistically smaller
than the expected order of magnitude of Planck volume. This
value of V ′0 suggests an early number of virtual couples much
higher than this. More reasonable results are obtained putting
V ′0 ≈ 4.2 × 10−105 m3 to estimate via the second equation the

12 Sebastiano Tosto. Space-Time Uncertainty and Cosmology: a Proposed Quantum Model of the Universe



October, 2013 PROGRESS IN PHYSICS Volume 4

order of magnitude of ∆r, which results ∆r = 5.5 × 10−9 m;
with this range the first equation yields M = 3.8×1018 kg cor-
responding to about 2.2× 1045 protons, i.e. about 1045 virtual
couples proton/antiproton at the beginning of the matter era.
Note that Mc2 = 3.4 × 1035 J corresponds to an average fluc-
tuation energy ε f l = 3.4 × 10−10 J, i.e. 2.1 GeV, per virtual
couple of matter particles newly created: this is the fluctua-
tion energy of the radiation field able to create matter. It is
interesting the fact that with the given choice of V ′0 this result
fits well the energy of a couple of protons, despite it has been
calculated implementing Mu and ∆ru via (3,20) only; this sup-
ports the interpretation of (3,12). Supposing that on average
each couple of photons generates one virtual couple of mat-
ter/antimatter, the fluctuation extra energy of radiation field
increases the early Planck frequency of each couple of pho-
tons by about δω = 3.4 × 10−10/~ = 3 × 1024 s−1 to produce
matter. The obvious conclusion of this section is to admit
that before the time of mass production there was an earlier
massless era, i.e. the radiation era.

3.2 The radiation era

Consider the density ρ corresponding to M and ∆r of (3,20)
by replacing M with h/(λc); in this way the total mass of
the universe is expressed via the momentum h/λ of an elec-
tromagnetic wave propagating with velocity c. For simplic-
ity we have assumed that the refractive index of the medium
where the wave propagates is 1, although in principle this is
an approximation only; the aforesaid gamma-gamma physics
[21] predicts photon fluctuations resulting in charged fermion
-antifermion pairs, leptons or quarks, which couple with the
photons themselves. In the presence of electron-positron and
proton-antiproton couples of particles that typically also form
as a consequence of this kind of interaction, a refraction in-
dex equal to 1 is certainly an approximation; yet this is ac-
ceptable for the following reasoning and order of magnitude
estimates. So the late ρu = 3Mu/(4π∆r3

u) of matter era reads
ρr = 3h/(4πλc∆r3) at the time ∆t. A boundary condition
for λ comes from the fact that the early electromagnetic ra-
diation waves bounced between diametric distances 2∆r in-
side a sphere, i.e. still λ = 2∆r/n with n integer accord-
ing to eq (3,1); in this way steady waves were allowed to
fill the universe at any time ∆t. The internal bouncing of
radiation is justified even admitting that the early stages of
growth were allowed in non-equilibrium condition, owing to
the rapid growth of the universe size, and without radiation
energy loss unfavorable for the subsequent growth and evo-
lution of the new-born universe. So λ was a function of time
like ∆r, i.e. the number n of allowed frequencies increased
along with ∆r; it seems reasonable to guess that an initial field
almost monochromatic evolved towards a complex spectrum
of steady wavelengths. Anyway the density of the universe in
the radiation era reads

ρr =
3nh

8πc∆r4 =
3n~

4c∆r4 .

while (3,3) reads ∆r = 2hG/(λc3); so the condition λ =

2∆r/n yields ∆r =
√

nhG/c3. Hence increasing n means in-
creasing ∆r and the number of states allowed for the radiation
field. So radiation density, radiation energy density and pres-
sure during the radiation era read

ρr =
3c5

4n~G2 ; ηr
in =

3c7

4n~G2 ; Pr
in =

c7

4n~G2 .

At the beginning of the radiation era, therefore, ∆r =
√

hG/c3

with λ = ∆r and n = 1 has the expected order of the Planck
length with which in effect has been calculated the Planck
volume V ′0. Moreover estimating hc/λ with λ of the order
of the Planck length, ≈ 10−35 m, yields a temperature T ≈
hc/kBλ of the order of 1033 K. The fact that this charac-
teristic temperature is much higher than that estimated for
the proton in today’s V0, confirms that actually the radiation
era precedes the matter era. Putting ∆r of the order of the
Planck length, with n = 1 one finds ρr ≈ 4 × 1096 kg/m3 and
Pr

in ≈ 10113 Pa and ηr
in = 3.5×10113 J/m3; at this stage of evo-

lution of the universe the energy εr
in = (4π/3)∆r3Pr

in results
about εr

in ≈ 1.7×109 J, to which corresponds a temperature of
the order of εin/kB ≈ 1032 K in agreement with that already
estimated. Estimating an energy kBT ≈ 1.3 × 109 J of the
radiation field corresponding to this temperature, one finds
ωr = 1.6 × 109/~ ≈ 1.6 × 1043 s−1 i.e. a radiation field with
Planck frequency. These values correspond well therefore to
the Planck pressure, energy, frequency and temperature.

So, trying to understand the physical meaning of these re-
sults beyond the numerical estimates, the radiation era was
just after the very early time step of the creation of radiation
just concerned; this initial step can be therefore nothing else
but the Planck era. The huge internal pressure accounts for
the rapid volume of the universe. Note that the value of εr

in
is large, but not spectacularly high like Pr

in and ηr
in; these lat-

ter are due to the extremely small values of Planck volume.
These ideas explain thus the subsequent beginning of the mat-
ter era, during which however the expansion mechanism of
the universe was somehow different.

3.3 The universe expansion in the matter era

Comparing (3,17) and (3,14), it has been already noted the
similarity between the gravitational energy εp of one pro-
ton at the boundary distance ∆ru and the energy εV0 existing
within each V0 just because of the presence of the proton it-
self. (3,20) have been accordingly inferred. If the proton, or
whatever else its mass might actually represent, would be ide-
ally removed from any volume V0 internal to the universe and
displaced to the boundary of the universe, the energy lost by
V0 is balanced by that transferred to the boundary; within the
limits of the present order of magnitude estimates, there is no
net gain or loss of energy in this ideal process. This suggests
that creating a vacancy in the universe after ideally moving
its average amount of matter per unit cell just to the external
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boundary of the universe occurs at zero energy cost. Strictly
speaking εp should have been calculated in principle writing
Mu −mp, the numerical difference being however completely
irrelevant for one proton only. Actually this reasoning is ex-
tensible to describe a relevant number of protons regarded at
the boundary; as Mu/mp ≈ 1080, for a large number np of
protons such that 1 � np � Mu/mp still holds (3,18) be-
cause Mu ≈ Mu − npmp. This means that large numbers of
protons are expected to contribute to this ideal transfer pro-
cess, i.e. large numbers of empty cells are to be expected in
the universe. Of course the comparison between εV0 and εp

has statistical meaning only, despite the actual structure of the
visible mass in the universe and even regardless of the local
element abundances in the universe, hidden within the global
value of Mu and still undisclosed when reasoning about the
mere average distribution of Mu. The following remarks are
useful at this point.

- There is no actual flow of protons moving inwards or
outwards throughout the universe; the uncertainty in
the most agnostic form of (2,1) requires any quantum
particle completely delocalized everywhere in the who-
le universe. The diameter 2∆ru is a quantum delocal-
ization range inside which no information is concep-
tually allowed about the local position and dynamical
variables of any kind of particle, proton or else. So
any particle could be in V0 or at the boundary simply
provided that there are available allowed states; (3,18)
merely compares the energies of protons in two differ-
ent places where they could in fact be, i.e. everywhere
because V0 could be itself everywhere in the universe.

- Two states of equal energy are allowed to the proton:
the bulk state in V0 and the boundary state at the rim of
the universe. A proton at the boundary state leaves be-
hind an empty cell V0, i.e. a hole in one of the bulk al-
lowed states. In general occupied and empty states are
possible in the bulk and at the boundary of the universe.
The global electroneutrality is ensured by the identical
chance statistically allowed to antiprotons too.

- Both ideal chances are possible in principle despite the
black hole character of the universe: the protons do not
escape far from the boundary, they remain “glued” on
the boundary like any electromagnetic radiation possi-
bly arriving up there from the bulk of the universe. The
Hawking entropy supports this idea.

- The chance of either alternative is consequence of the
second law of thermodynamics; these bulk and bound-
ary chances concurrently possible for the protons in-
crease their number of allowed states and thus their
configuration entropy. This crucial point, which will be
further concerned later, agrees with the fact that (3,17)
describes identically the total mass Mu at the ideal cen-
ter of the universe and the mass mp at the boundary
∆ru apart or, vice versa, the mass mp at the ideal center

of the universe and the total mass Mu concentrated on
a point at the boundary ∆ru apart; indeed, according to
the considerations of section 2, the local position of any
particle is physically meaningless because of the quan-
tum delocalization within an uncertainty range. Ei-
ther extremal configuration, in principle possible for
the universe, is however unlikely by entropy consid-
erations.

- If V0 scales as described by (3,20), which is admissible
as no restraining hypothesis has been made on it, then
(3,18) previously introduced for the proton at the time
∆tu is unchanged at any ∆t < ∆tu; moreover the number
of states Nin is expected constant, as in effect it has been
found.

These ideas encourage regarding the proton in V0 as a sort
of template that symbolizes the average behavior of real mat-
ter in any bulk state and at the boundary state; as previously
remarked, this is certainly the strongest form to affirm the
large scale isotropy and homogeneity of the universe. Actu-
ally particles and antiparticles with the same mp concurrently
formed after the radiation era have statistically the same prob-
ability of being found in the boundary state; if so, the initial
configuration of coexisting protons and antiprotons uniformly
occupying all available bulk states generates subsequently a
boundary halo of virtual couples plus possible annihilation
photons along with corresponding vacuum states and matter
states in the bulk universe. This configuration change in-
creases the total entropy of the universe. In particular, the
surface entropy at the boundary of the universe consists of
the Hawking term σH plus a contribution related to the con-
figuration of boundary states shared with that of the bulk uni-
verse. The entropy will be considered in some more detail in
the next section. It will be shown that the way of thinking
based on the degenerate quantum states of the universe rather
than on the multiplicity of states describing its actual structure
of matter, helps formulating a possible growth mechanism of
the universe. Usually growth and expansion are synonyms;
the next section emphasizes why actually it is not so in the
present model, where growth does not merely mean swelling.

3.4 The universe growth in the matter era

Let the bulk universe at an arbitrary time after the big bang
consist of a number Nout of V0 empty cells and a correspond-
ing number Nin − Nout of filled V0 cells; the external bound-
ary is thus a layer formed by Nout glued protons and antipro-
tons missing in the bulk. So even this statistical picture of
universe is consistent with the existence of an empty part of
the real universe and its real matter structure: correspond-
ingly to the further redistribution of NoutV0 and (Nin−Nout)V0
volumes, in principle located randomly in the total volume
NinV0 available, clusters of matter tend to coalesce together
by gravitational interaction: the vacuum corresponds indeed
to the Nout residual holes left in between. Anyway, if clusters
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of empty cells and clusters of occupied cells are numerous
enough, then their random distribution within Vu is still con-
sistent with the assumption of overall statistical homogene-
ity and isotropy. This seems indeed the case, as the number
Nin of V0 volumes has been estimated of the order of the Ed-
dington number 1080. The chance of introducing arbitrary
numbers Nout and Nin − Nout of cells brings the universe to-
wards a situation of dynamical equilibrium between the for-
mer and the latter; yet this final configuration, somehow at-
tained, could be imagined as the conclusion of a gradual pro-
cess consisting of a first redistribution step Nin − N′out and
N′out of filled and empty cells, which in turn generates pro-
gressively a subsequent redistribution Nin − N′out − N′′out and
N′out + N′′out of new filled and empty cells along with possible
coalescence of cells still filled, and so on. This idea stimu-
lates considering the dimensionless entropy of a current con-
figuration, σb = Nin!/(Nout!(Nin − Nout)!), due to the fact that
all transient configurations compatible with zero energy bal-
ance are equiprobable; the subscript b stands for “bulk”. As
σb has a maximum as function of Nout, the formation of bulk
holes fulfills the second law until this maximum is reached.
Let σb describe a transient configuration at a given time and
σ′b = Nin!/(N′out!(Nin − N′out)!) that at a later time; the latter
is allowed if Nout and the subsequent N′out fulfill σ′b > σb.
Hence, after an arbitrary numbers of steps, are formed as a
function of time multiple clusters of matter aggregates subse-
quently attained and thus differently configured, together with
a progressive modification of the empty space between them.
At the dynamical equilibrium no net state exchange occurs.
Of course σb and σ′b neglect, for simplicity and brevity, the
further contributions σarr and σ′arr due to the ways to arrange
the respective clusters of matter into actual universe struc-
tures; yet σb and σ′b symbolize qualitatively the first concep-
tual step to understand the actual configuration of the uni-
verse. Clearly, by virtue of (3,13), the σarr driven final ar-
rangements of filled cells are nothing else but stars or galax-
ies or flows of elementary particles or any other observable
object. The existence of Pin related to the matter energy den-
sity agrees with and justifies the universe expansion, which
however at this point still seems like a mere bubble blow-
ing up by internal pressure effect. But just this point poses a
further question: does the universe in the matter era expand
freely or is it constrained by an external pressure Pout op-
posing to its expansion? In principle the expansion requires
Pin > Pout, not necessarily Pout = 0: the force that pushes
forwards the unit surface of universe boundary must simply
overcome that possibly tending to pull it backwards, i.e. to
squeeze the universe size towards a big crunch. If the for-
mer position is correct, then Pout tends to decrease the ac-
celeration with which the universe expands. Yet, what does
originate Pout? A possible answer relies just on the presence
of protons and antiprotons at the boundary states of the uni-
verse previously introduced. The boundary here introduced
is not mere spherical rim; in effect the plain idea of geomet-

rical margin would be unphysical itself. More sensibly, the
mobile contour of the universe is defined by a crowd of Nout

virtual protons and antiprotons along with electromagnetic
radiation trapped on a fading shell, recall the Hawking en-
tropy. In fact the previous considerations propose in a natural
way that the boundary should be a physical layer of finite vol-
ume and finite thickness; so the chance of defining an energy
density ηout due to these particles seems the most straightfor-
ward way to define Pout. In this respect, the further chance
of demonstrating that Pout , Pin is important not only to infer
information about the acceleration of the boundary of the uni-
verse, controlled by the net force Pin−Pout per unit surface of
boundary, but also to infer that the physical nature of the outer
layer must be different from that inside the universe. Before
assessing the importance of this conclusion as concerns the
matter/antimatter ratio, let us examine two points: the expan-
sion equation and the physical meaning of ηout, to which is re-
lated the pressure Pout equivalently as in (3,19). This external
pressure could be likewise regarded as external force acting
towards the center of the universe or resistance of the universe
to increase the total surface of its boundary. The latter idea
is more easily viable to introduce the existence of a boundary
layer, whose thickness surrounds the universe and character-
izes ηin , ηout; if the layer would have the same physical na-
ture of the bulk vacuum, then the boundary should be at rest
or steadily moving rather than accelerating. Let ρuVuc2 be
the energy stored inside the universe; since today’s universe
expands, according to the first law its total energy E must
also include a PVu-like term. Let δE = c2δ(ρuVu) + PnetδVu

be the change δE of total energy during the time interval δt,
where Pnet = Pin − Pout describes the net force pushing for-
wards the boundary. As no energy escapes outside of a black
hole universe Ė = ρ̇Vuc2 + ρV̇uc2 + (Pin − Pout)V̇u = 0; so
ρ̇ + ρV̇u/Vu + (Pin − Pout)V̇u/(Vuc2) = 0. According to (3,20),
the size of the elementary volume V0 scales as ∆r3, i.e. like
Vu = NinV0; then V̇u/Vu = 3ȧ/a, whence the well known
result

ρ̇ + 3
ȧ
a

(
ρ +

Pnet

c2

)
= 0; Pnet = Pin − Pout (3,21)

The notation emphasizes that the time derivative of the radius
defines the change rate of a co-moving length. The excess of
internal pressure means that the layer outside the boundary
is slightly different from the bulk. Note that also a negative
pressure Pout counteracting Pin has been introduced in this
reasoning.

Regard the boundary as if it would be a material layer
characterized by a contractive energy per unit surface γ =

εγ/l2 that opposes to its stretching during the expansion; for
instance, this effect can be guessed thinking to the opposite
charges of the particles/antiparticles that crowd the bound-
ary surface. Anyway the total contractive energy of a spheri-
cal bubble having internal radius ∆ru and volume Vu is εγ =

4π∆r2
uγ. Moreover the Young-Laplace equation of such sur-
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face tension-like model of boundary reads Pin−Pout = 2γ/∆ru

Suppose that Pout = Pin/2; then Pout = ηin/3, like that inside
a universe with radiation only. This is equivalent to say that
Pin is due to two contributions: one coming from its radia-
tion density content and one due to the ability of the radiation
to generate matter via quantum fluctuations. The former is
counterbalanced by Pout, the latter is the active energy ex-
cess pushing outwards the boundary. Hence the expansion
of the universe is controlled by the quantum contribution of
radiation fluctuation extra energy that generates matter, with-
out which the universe would still be a radiation volume. To
check this idea note that (3,3) yields M2

uG/∆ru = Muc2/2,
i.e. one half of the universe energy is equal to the first (3,17)
with the proton mass replaced by that of the whole universe.
The same holds for the energy density, obtained dividing both
sides by Vu. So if Pin/2 = ηin/3, then Pout = ηin/3 requires
ηout = ηin/2. Hence the right hand side yields

ηout =
M2

uG
Vu∆ru

≈ 4.2 × 10−11J/m3

Pout = 2.8 × 10−11Pa
(3,22)

as it reasonably appears comparing with ηin of (3,12). This
result implies interesting consequences. The total contrac-
tive energy of a spherical bubble of radius ∆ru and volume
Vu is εγ = 4π∆r2

uγ. Moreover the Young-Laplace equation
reads Pin − Pout = Pin/2 = 2γ/∆ru, so that γ = Pin∆ru/4
yields εγ = π∆r3

uPin = Muc2/2 thanks to (3,19). Hence
the whole energy of the boundary layer generating its con-
tractive surface tension is one half of the total bulk energy
of the universe, i.e. that corresponding to the net pushing
effect of the big-bang quantum fluctuation only. Also, this
confirms that Pout = Pin/2 is an external pressure opposite
to Pin and directed towards the universe center consistently
with the curvature radius ∆ru. The numerical value of γ is
≈ 6 × 1015 J/m2, corresponding to Muc2/2Au. It is interest-
ing the fact that the boundary layer can be regarded as a real
matter sheet curved by the pressure difference according to
the Laplace equation. The initial black hole condition (3,3) is
essential for this result. Note that it is possible to write

ηout =
3

16π∆r2
u

c4

G
=

3
4

c4

AuG
; γ =

c4∆ru

4AuG
(3,23)

i.e. the compression force at the boundary of the universe is
of the order of the Planck force acting on its total surface. It
is interesting to note that replacing Au = 4l2PσH, it is possible
to express γ as a function of the Hawking entropy. More-
over, once knowing ηout it is easy to find the thickness of the
boundary layer. This energy density is that stored in a layer
surrounding the universe δru thick. i.e. the boundary protons
and antiprotons are actually contained in a shell of volume
(4π/3)[(∆ru + δru)3 − ∆r3

u]; so

Vout = ζVu; ζ = (1 + δru/∆ru)3 − 1 (3,24)

which means that in fact the size of the universe is still de-
scribed just by its radius ∆ru via a correction factor ζ. Hav-
ing defined ηout at ∆ru, it is immediate to estimate also en-
ergy, mass and number of protons/antiprotons of the bound-
ary layer through the following equations

εout = Voutηout = ζM2
uG/∆ru = ζ

c4

4G
∆ru

mout ≈ εout/c2 = ζ
c2

4G
∆ru

nout ≈ mout/mp = ζ
c2

4Gmp
∆ru.

If δru � ∆ru , then ζ ≈ (δru/∆ru)3; if instead δru ≈ ∆ru,
then ζ ≈ 7. Moreover, trusting to the idea that δru � ∆ru at
the today time ∆tu, one finds ζ ≈ 3δru/∆ru and then Vout ≈
4π∆r2

uδru. Suppose that δru ≈ 10−15 m, which corresponds
to the size of the proton; then Vout ≈ 2 × 1039 m3 yields
εout ≈ 1029 J; i.e. the boundary layer consists of a total mass
mout ≈ 1012 kg, to which correspond about nout ≈ 6 × 1038

protons and antiprotons. It would be also easy with the help
of (3,20) to repeat the estimates also a different past times.
Going beyond the raw numerical estimates, one concludes:
(i) the number density nout/Vout is of the order of 1/3 proton
per cubic meter, a figure similar to that found in V0 of the bulk
universe; (ii) the number of boundary protons results � Nin,
as it must be according to the previous considerations; (iii) the
fact that the size of the proton is of the order of one fm means
that the boundary layer is actually formed by a monolayer of
protons and antiprotons; also this result seems in effect quite
reasonable. The connection of these conclusions with the pre-
vious (3,1), (3,6) and (3,8) will appear shortly.

Now let us explain why the presence of the proton/anti-
proton couples at the boundary is important for the growth
of the bulk universe. Assume that the empty V0 cells of the
universe, i.e. our core vacuum, actually includes couples of
virtual particles and antiparticles that annihilate and then re-
materialize: whatever their specific nature might be, a simple
reasoning shows that the main effect of sharing these virtual
couples between bulk states and boundary states is that of
transferring to the aforesaid boundary layer the properties of
the bulk universe. It is essential that both virtual particles and
antiparticles have equal probability of being in either state,
see the next section for more details; in this sense it is pos-
sible to regard them as a couple. These forerunner quantum
couples are the precursors that generate a new boundary of
the universe and activate its expansion. Indeed transferring
the energy early contained in any V0 towards the boundary
means reproducing at the boundary the quantum states char-
acterizing the bulk universe, i.e. not only that of protons and
antiprotons but also the vacuum energy fluctuation generat-
ing them. This also means that the universe grows by repli-
cating part of itself outside itself; the duplication concerns of
course also the virtual couples of particles and antiparticles
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characterizing the core vacuum, which once more confirms
why (3,12) and (3,14) have been calculated with Mu and not
with mu. So in the present model expansion does not mean
merely swelling: the chance that these couples annihilate and
rematerialize at the external boundary of the universe likewise
as they did inside the universe, means that even the external
boundary assumes the feature of the core cells V0. In effect
the previous figures recalculated with a value of δru slightly
larger than one proton monolayer yield a proton/antiproton
density comparable to that within V0 of the bulk universe;
this clearly indicates that increasing δru means increasing the
number of boundary states allowed to protons and antipro-
tons. Yet proton and antiproton density in the boundary layer
equal to that existing in V0 means that the bulk of the universe
has been in fact expanded by a supplementary layer & δru, i.e.
the actual boundary is located a step δru beyond the previous
one, and so on by successive steps consistent with a growth
rate presently given by vu of (2,6). The driving force of this
“onion growth” process is the entropy increase required by
the second law: all protons and antiprotons filling the bulk
universe only, anyhow distributed and arranged, would define
a degree of order greater than that where some of them have
the additional chance of being further arranged in the only re-
gion furthermore conceivable, i.e. that glued to the external
boundary of the black hole universe. Yet the key concept is
clearly the quantum uncertainty, in its most agnostic form of
(2,1): being completely delocalized everywhere in the uni-
verse, the particles can preferentially be in fact wherever they
ensure the most advantageous entropy and growth conditions.

However, the question that then arises immediately is:
does this chance expel to the boundary exactly equal amounts
of particles and antiparticles or is there preferential trans-
fer of either kind of them? From a statistical standpoint the
answer is indeed that reasonably couples of virtual particles
only should share this growth mechanism: drawing randomly
from a multitude of particles and antiparticles, the realistic
chance is that equal numbers of either kind are involved in
the quantum state change. Despite this statistical equivalence,
however, the next section will emphasize why the overall ef-
fect of the entropy increment is that of increasing the mat-
ter/antimatter ratio in the bulk universe.

3.5 The problem of matter and antimatter

This section describes a mechanism really possible soon after
the end of the radiation era; the couples proton/antiproton just
formed from the very hot radiation field have actual physical
meaning, instead of being mere statistical entities suggested
by (3,12). Is useful here a reasoning similar to that of the
Dirac sea, which in the present context seems physically even
more appropriate than the original one: are inherent here nei-
ther infinite states occupied by electrons with negative energy
nor the doubtful concept of “neutrality” conventionally de-
fined by the presence of infinite electrons in negative energy

occupied states; the Pauli principle is no longer necessary to
avert a weird radiation of negative energy.

In the original Dirac idea, a photon of energy ≥ 2mec2

excites an electron in the negative state above the forbidden
gap; as a result, the electron just removed appears as a stan-
dard electron that leaves behind a related positive hole, the
positron. Today we know that in fact two photons of suffi-
cient energy are able to create a couple particle/antiparticle
while fulfilling the conservation laws. Let us implement here
this standpoint, emphasizing however that the driving energy
has now entropic character: the energetic photons necessary
to modify the Dirac sea of negative energy electron states is
here replaced by the entropy increase TδS that results from
the combined configuration option, bulk state and boundary
state, allowed for each proton and each antiproton. The num-
ber of proton and antiproton quantum states is the large but
finite Nin. It has been already estimated that just after the ra-
diation era T was of the order of 1032 ÷ 1033 K; this range
of values seems high enough to account for a Dirac-like pro-
cess. Discuss separately what happens when one proton and
one antiproton pass from their own bulk states in V0 to their
respective boundary states; two V0 states are involved in the
process, the probability that this happens is equal for both.

One proton in the first V0 has the same energy as in the
boundary state; with the proton in this latter state a hole is left
behind in this V0, i.e. a neutral vacuum state forms in the bulk
universe. No constrain is necessary about the energy TδS to
allow the change from bulk to boundary state, either config-
uration is allowed at zero energy cost; now one V0 state is
chargeless, whereas one boundary state is positively charged.

The Dirac reasoning for an antiproton in the second V0
sounds as follows. A proton in the negative energy state in
this V0 is excited concurrently and with the same statistical
probability of the previous process; now a constrain about the
excitation energy is required and reads TδS ≥ 2mpc2 + mec2.
This proton is thus excited, leaves unoccupied its initial state,
overcomes the forbidden gap at the right hand side and ap-
pears as an ordinary proton; a negative hole, i.e. one antipro-
ton, results by consequence. This hole is to be regarded in the
boundary state, previously raised to a positive charge state by
the first proton, to ensure the local electric neutrality; the ordi-
nary proton co-generated in the second bulk state V0 remains
inside the bulk universe together with the negative charge of
one electron; this latter, necessary for the total spin conserva-
tion and for the overall bulk neutrality at the minimum energy
cost, occupies the former empty vacuum state V0 left behind
from the first proton.

Clearly this mechanism requires that both a proton and an
antiproton change contextually and with the same probabil-
ity their bulk states, in which case we have: (i) two bound-
ary states altogether neutral occupied by one proton and one
negative antiproton, which can yield by annihilation the elec-
tromagnetic radiation trapped at the boundary of the universe
and concerned since the beginning by (3,1), as confirmed by
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(3,6) and (3,8); (ii) a neutral bulk state formed by one pro-
ton and one electron occupying the two volumes V0 left va-
cant. Also the electroneutrality in the bulk universe is thus
fulfilled thanks to the electron energy included in the energy
balance of TδS . On the one hand, therefore, the equal prob-
ability of exciting statistically one proton or one antiproton
is essential to ensure the neutrality of both bulk and bound-
ary states; on the other hand, by consequence of this mech-
anism a couple proton/antiproton is formed in the boundary
state, whereas in the bulk one proton has replaced the an-
tiproton with the help of one electron. In fact this process
removes antimatter from the bulk universe, which appears
as electromagnetic radiation surrounding the universe via en-
tropy driven process; the holes of negative energy states, i.e.
protons, concurrently generated along with electrons appear
as bulk matter. Moreover just the annihilation electromag-
netic halo ensures the growth of the universe, which therefore
does not simply swell but replicates itself far at the boundary
via annihilation energy. The separation boundary-antimatter
from bulk-matter was likely allowed to occur just at the be-
ginning of the matter era, when the matter started being gen-
erated from the extremely hot radiation field consistent with
its TδS . It is reasonable to think that without this separation
the bulk universe would have remained in the radiation era,
because the two photon mechanism previously hypothesized
would have continued to produce virtual matter that however
endlessly annihilated with the virtual antimatter contextually
generated. Since no energy escapes from the black hole uni-
verse, TδS = δ(TS )−S δT caused decrease of internal energy
and cooling of the universe, until when the temperature de-
crease made impossible the radiation driven formation of vir-
tual proton/antiproton couples and the consequent antimatter
expulsion to the boundary along with the concurrent forma-
tion of low T matter. Begins just now the matter era. Of
course all this is possible because of the total uncertainty of
the quantum particles introduced in its most agnostic form
of (2,1): these particles do not need any actual travel to go
from bulk to boundary of the universe, being instead totally
delocalized; they are simultaneously everywhere without any
chance of specify their actual location. These ideas have been
exploited to discuss the EPR paradox in the frame of a relativ-
ity model entirely based on the space-time uncertainty [12].

As concerns the point (i) above, (3,6) to (3,9) and related
considerations about ~ωn=2 agree with the idea that both pro-
tons and antiprotons existing at the boundary of the universe
contribute with their annihilation to form the halo of electro-
magnetic radiation surrounding the universe.

As concerns the point (ii), the presence of the electron is
evidenced simply implementing the second (3,17): the elec-
tron energy εe early contributed by TδS replaces εp in the
empty V0 left behind by the previous proton now occupying
the boundary state, so the energy density in the bulk vol-
ume V0 becomes εe/V0. To confirm this mechanism, it is
enough to estimate T = (εe/V0a)1/4 via the black body con-

stant a = 5.67 × 10−16 J/m3K4; today’s V0 ≈ 2m3 yields T ≈
2.63 K. Of course in the past, when V ′0 � V0 according to
(3,20), the energy density was higher and thus the background
cosmic temperature accordingly higher; the low energy of the
present cosmic radiation is due to the swelling of the early
V ′0, formerly of the order of the Planck volume, to the size
of today’s V0 that decreases the electron energy density. This
conclusion agrees with the condition nλ = 2∆r previously in-
troduced to describe the evolution of the radiation field as a
function of the growing universe size during the radiation era.
The mechanism that originates the CBMR dates back to the
early beginning of the matter era when this mechanism took
place, but is operating even presently: the today wavelength,
due to the swelling of the early V ′0 to the current V0, is re-
lated to the virtual couples of particles/antiparticles that feed
the growth of the universe keeping constant its black hole ra-
tio Mu/∆ru according to (3,20) and the concept of vacuum.
The small % discrepancy from the experimental value 2.72 K
of today background cosmic radiation is due to having im-
plemented the mere rest mass of the electron, whose kinetic
energy instead is presumably not exactly zero; being the elec-
tron much lighter than the proton, a relativistic correction fac-
tor in the energy balance of TδS , corresponding to ve ≈ 0.5c
and reasonably expected, increases slightly the energy den-
sity in V0 and allows to fit exactly the experimental value.
Yet this is not the main point: the most important aim of the
model is to verify the sensibleness of estimated values with
respect to the available experimental data and assess the con-
ceptual consistency of the theoretical model with the current
knowledge of the universe.

4 The dark mass

A crucial point that deserves a rational explanation, hitherto
not yet concerned, regards the mass m?. Some comments on
this mass are here reported starting from (3,9) and (3,17) and
comparing the energy ~ωn with ∆εu = ~/∆tu. One finds

nc∆tu
2π∆ru

≈ n
20
. (4,1)

In effect, with the help of (3,1) and (3,3) the ratio at left
hand side is equal to about nξ/2π with ξ = 0.3 according
to (2,5) and (2,6). In section 3.1 it has been highlighted that
n = 2 means considering electromagnetic waves surround-
ing the universe whose energy corresponds to the annihilation
of several protons with antiprotons; also, in agreement with
(3,8), for n = 2 the right hand side of (4,1) becomes 10−1.
Recall now that just a factor ten has been already found in
(3,4), when describing the ratio Mu/mu. So it seems natural
to introduce this ratio into (4,1) that becomes therefore

Mu

mu

c∆tu
π∆ru

≈ 1. (4,2)

Very large numbers that fit such a simple numerical value sug-
gest a significant physical meaning hidden in the last equa-
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tion: the fact that Muc∆tu ≈ πmu∆ru is interesting because
it provides a new link between Mu and mu, i.e. according
to (3,4) muc2~/∆tu ≈ muc2~ωn=2 + m?c2~ωn=2 with ωn=2 =

c/π∆ru. Going thus beyond the mere numerical result, let
us generalize (4,2) to any ∆t by replacing 1 with a number
q = q(∆t,∆r); so the subscript u characterizing today’s quan-
tities will be omitted, whereas different values are expected
for ωn=2 and m?. Multiply both sides of the resulting equation
by c2; recalling again (3,4), (4,2) turns into

qmc2 ~

∆t
= mc2~ωn=2 + m?c2~ωn=2; ωn=2 =

c
π∆r

. (4,3)

This equation is interesting because its terms are cross linked:
a couple of terms shares mc2, another couple ~ωn=2. This
shows that m and m? are correlated. Moreover the fact that
this equation contains squared energy terms, brings to mind
an important equation inferred in the appendix, i.e.

ε2 = (pc)2 + ε2
rest. (4,4)

Add ζmc2~/∆t to both sides of (4,3); by comparison these
equations suggest the following correspondences

(q + ζ) mc2 ~

∆t
= ε2

mc2
(
~ωn=2 + ζ

~

∆t

)
= (pc)2

m?c2 ~ωn=2 = ε2
rest

(4,5)

being ζ = ζ(∆t,∆r) a function of ∆r and ∆t whose physi-
cal meaning will appear soon. In principle these correspon-
dences, merely based on the one-to-one association between
(4,3) and (4,4) having an analogous form, propose a possible
explanation of the mass m?.

The universe as a whole is to be regarded like a free spin-
less neutral macro-particle moving at uniform speed, whose
kinetic and total energy are respectively related to the terms
(pc)2 and ε2; accordingly m? accounts for the rest energy of
the macro-particle universe. It seems surprising that this link,
suggested by mere numerical analysis of the values of ~ωn=2
and ~/∆tu of (4,2), is provided by a formula of special relativ-
ity and not of general relativity. The energies of (4,3) concern
the universe as a whole and not the interaction of its parts,
galaxies and stars and so on, whose gravitational dynamics
is governed by the general relativity. In effect, (3,3) regards
the black-hole universe as a global object, a spinless macro-
particle, whose properties are due to its total mass and total
size only, regardless of its complex internal structure, mass
composition and mass distribution assumed homogeneous at
least on large scale. A valid support to propose a rectilinear
uniform motion of the whole universe comes from the fact
that indeed this idea cannot be excluded by any experiment:
since Galileo it is known that such an inertial motion cannot
be detected by any observer inside the universe. Perhaps a

harder implication of this idea could concern the hypotheti-
cal reference system Ru able to describe this motion; however
also this dilemma is actually a false problem in the present
model, once thinking the size of the universe as an uncertainty
range ∆r = r1 − r0 in principle similar to that introduced in
section 2 to describe energy levels and angular momentum of
the quantum particles. It has been emphasized: (i) that neither
r0 nor r1 must be specified to describe the quantum properties;
(ii) that in fact both coordinates are not specifiable; (iii) that
this conceptual lack of information prevents specifying the
reference system Ru where is defined r0 and the actual size of
∆r defined by r1. So it is conceptually impossible, but also
inessential, to specify such Ru as regards the quantum prop-
erties of a particle within the range ∆ru during the time range
∆tu: if the properties of the quantum macro-particle we call
universe do not depend on r0 or r1 but on ∆r only, then the
difficulty of defining Ru, e.g. its origin, becomes marginal.
Anyway, since (4,1) and (4,3) come directly from the exper-
imental values of ∆ru and ∆tu, there is no reason to reject
them; in effect (4,3) and its relativistic free particle interpre-
tation explain why one addend concerns the mass m? and its
energy m?c2 additional to the visible mass mu of stars. Now
is justified the function ζ knowing that ε = mc2/

√
1 − (v/c)2

and p = mv/
√

1 − (v/c)2; also these formulas are shown in
the appendix in the frame of the present model. Let us rewrite
the three terms of (4,4) that define the relativistic energy of
the free macro-particle universe of (4,5) as a function of its
displacement constant velocity vmp and mass Mmp; this means
replacing v and m with vmp and Mmp. Hence

(q + ζ) mc2 ~

∆t
=

M2
mpc4

1 − v2
mp/c2

mc2
(
~ωn=2 + ζ

~

∆t

)
=

M2
mpv2

mpc2

1 − v2
mp/c2

m?c2 ~ωn=2 = M2
mpc4.

(4,6)

Taking the ratio side by side of the first two equations one
finds with the help of (3,9)

v2
mp

c2 =
ωn=2∆t + ζ

q + ζ
; ωn=2∆t =

c
π

∆t
∆r

=
v
πc

(4,7)

where v is the average expansion rate of the universe at ∆t.
Now we impose that vmp is constant via the function ζ; so

vmp = ±c
√
ζ0; ζ =

ωn=2∆t − ζ0q
ζ0 − 1

; q =
M
m
ωn=2∆t (4,8)

i.e. q generalizes (4,2). Note that Mmp does not appear in
these equations; it is merely defined by the third (4,6) as a
function of m?, on which however no hypothesis has been
made. So the definitions of ζ and q hold regardless of Mmp.
An obvious condition is 0 < ζ0 < 1; moreover q + ζ > 0 and
ωn=2∆t + ζ > 0 are also evident because both sides of (4,6)
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and (4,7) are positive. The former condition reads q + ζ =

(ωn=2∆t − q)/(ζ0 − 1) > 0, the latter reads ωn=2∆t + ζ =

ζ0(ωn=2∆t − q)/(ζ0 − 1); owing to the expression of q both
reduce to the unique condition 1 − M/m < 0, which is in-
deed true as it has been introduced since the beginning in the
present quantum model. Impose also m?ωn=2 = const, which
yields m?c/π∆r = const: this equation extends (3,20) that
reads M/∆r = const = m/∆r + m?/∆r according to (3,4). In
this way Mmp becomes a constant. Note that owing to (3,8)
this result reads m?c2~

√
ρG = ε2

rest; being by definition ρ =

(m? +m)/V , one concludes that εrest is defined even during the
early the radiation era when the visible mass was m = 0 and
the universe volume of the order of the Planck volume VP. So,

with obvious meaning of symbols, ε2
rest = m(0)

? c2~
√

m(0)
? G/VP

and remained constant since then; hence the third (4,5) reads
m? = m(0)

?

√
ρ(0)/ρ, with ρ(0) = m(0)

? /VP. Of course, as al-
ready noted, 1/ρ is an increasing function of m? because the
black hole condition M/∆r = const requires M/V decreas-
ing function of ∆r3. In conclusion (4,5) are appropriate to
describe a free macro-particle of constant mass Mmp moving
at constant rate vmp. Eventually, note that the square ener-
gies of (4,5) are actually products of two different energies,
as if they would come from geometrical averages like for
instance < ε > = ±((q + ζ)mc2~/∆t)1/2. So the black hole
we call universe has, as a whole, the average energy < ε >
of a free particle that moves with average constant momen-
tum < pc > = ±(mc2(~ωn=2 + ζ~/∆t))1/2, whereas m?c2 and
~ωn=2 defining < εrest > = ±(m?c2~ωn=2)1/2 appear to be the
ingredients of its average rest energy. Otherwise stated, the
well defined mass balance between m? and mu proposed here
appears rationally motivated: mu is due to the capability of
the universe to create ordinary visible mass after the radiation
era exploiting the available big-bang fluctuation energy; the
additional mass m? ensures the existence of an efficient black
hole universe that does not waste uselessly its valuable energy
content. So it follows also the necessity of a displacing uni-
verse. Are unavoidable at this point at least three questions:
does actually the equation < ε > = ±

√
< pc>2+ < εrest>2

admit the minus sign? could an anti-universe actually ex-
ist with a matter/antimatter mechanism equal and opposite to
that described in the previous section? is our whole universe
a wave/corpuscle subjected itself to the uncertainty principle?

5 Discussion

The cosmology is probably the most difficult among the phys-
ical sciences because of both its multidisciplinary conceptual
basis and scarcity of experimental data, besides inferred in
a limited domain of time and space consistent with the light
speed: past, present and future of the whole universe must be
guessed despite the space-time horizon gives us access to a
limited window of observable objects only. Just for this rea-
son the theoretical models have a special role in cosmology.
Usually the experimental data validate a theoretical model;

here instead seems true the exact contrary, i.e. a sound self-
consistent model highlights the physical meaning of the avail-
able experimental data. In this particular context is crucial
the role of quantum mechanics. The correspondence princi-
ple states that the classical physics is the limit of quantum
physics for high quantum numbers, which implicitly means
that just the quantum principles are the true essence of physics
and thus of cosmology as well. This explains the attempt
of the present model, mostly based on quantum considera-
tions rather than on relativistic considerations. Two impor-
tant experimental values, the Hubble constant and the cosmic
background radiation temperature, have been estimated with
accuracy enough to conclude that the physical approach of
the present quantum model of the universe is basically cor-
rect. (2,1) enable the most important equations of quantum
mechanics and relativity to be inferred [12,13,14,18]; their
generality is also proven in particular by the ability of de-
scribing quantum fluctuations of a relativistic free particle.
For instance the appendix shows how to find the well known
equation p = vε/c2 via ∆p = v∆ε/c2, whose importance for
the present model has been already emphasized, e.g. (2,4)
and (3,7); however ∆p and ∆ε are not classical ranges but
quantum uncertainty ranges. So a quantum particle whose lo-
cal momentum and energy are included within the respective
ranges, recall the explicative results of section 2, is subjected
to quantum fluctuations of p and ε that expectedly alter also
its propagation rate. This fact prospects new chances for the
known equations of special relativity, which here appear in
fact as quantum equations subjected to the weirdness of the
quantum world. Further considerations on this topic are out-
side the purposes of the present paper. Yet it is worth men-
tioning that the EPR paradox, according which particles bil-
lions of light years apart can instantaneously exchange infor-
mation via the so called quantum entanglement, is explained
according to the agnostic physical meaning of (2,1); the con-
cept of distance becomes itself undetermined once disregard-
ing the local coordinates. Renouncing even to the concept
of probability density for any particle to be somewhere, re-
placed by the mere idea of delocalization within an uncer-
tainty range, the concept of distance is no longer definable.
So it is unphysical to expect a different quantum behavior for
particles definable very close or very far apart only classi-
cally. Certainly this odd conclusion is not the only weirdness
of the quantum world: as it is shown in section 2, this agnos-
tic standpoint has unexpectedly heuristic physical meaning.
One kind of weird phenomenon is the quantum fluctuation,
according which any macroscopic object at rest could sud-
denly excited to a self-perturbed state because of a transient
excess of energy, justifiable via the uncertainty principle only.
The behavior of a relativistic quantum particle during a quan-
tum fluctuation is quoted here because it is in effect pertinent
to the purposes of the paper. The considerations proposed
in the appendix usefully contribute to explain cosmological
problems like the inflationary era. In the paper [13] it was
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shown that (2,1) only are enough to infer the following corol-
laries: (i) equivalence of all reference systems in describing
the physical laws, (ii) existence of a maximum average dis-
placement rate allowed for any particle in its delocalization
range and (iii) invariance in all reference systems of such a
maximum velocity. These corollaries are in fact the basic
statements of special relativity. Moreover also the equiva-
lence principle of general relativity and the coincidence of
inertial and gravitational mass were also inferred [14] along
with the concept of mass as corollaries of the space-time un-
certainty.

6 Appendix

This appendix sketches shortly how the relativistic momen-
tum and energy are obtained exploiting (2,1) only; it aims to
make the present paper as self-contained as possible. Let the
arbitrary delocalization ranges be defined in an arbitrary ref-
erence system R, where a photon travels at speed c through
∆x(c); so ((2,1)) read ∆x(c)∆p(c)

x = n(c)~ = ∆t(c)∆ε(c). The su-
perscripts emphasize that the ranges are sized to fulfil the de-
localization condition during an appropriate time range ∆t(c).
Being by definition ∆x(c)/∆t(c) = c, then c∆p(c)

x = ∆ε(c). To
find how the momentum and energy ranges of a massive par-
ticle traveling at rate vx < c through ∆x(c) scale with respect
to ∆p(c)

x and ∆ε(c), write ∆x(c)∆p(v)
x = n(v)~ = ∆t(v)∆ε(v).

As neither vx nor c appear explicitly in this equation, write
n(v)~ = ∆t(c)∆ε(c) = ∆t(v)∆ε(v); this is true if ∆t(c) and ∆ε(c)

scale respectively like ∆t(v) = (c/vx)∆t(c), as it is reasonable,
and ∆ε(v) = (vx/c)∆ε(c), as a consequence. Replacing these
positions in the former equation, ∆x(c)∆p(v)

x = ∆t(c)(vx/c)∆ε(c)

yields c∆p(v)
x = (vx/c)∆ε(c). Actually the superscripts can be

omitted because they have been introduced for clarity of ex-
position only, not to identify particular range sizes; both ∆p(v)

x
and ∆ε(c) are indeed completely arbitrary like vx itself; the su-
perscripts are also irrelevant as concerns the functional rela-
tionship between the local values of the respective variables.
Hence

px = vxε/c2; ∆px = vx∆ε/c2 (A1)
regardless of how the respective uncertainty ranges are de-
fined. Since an identical reasoning holds in any other refer-
ence system R′, one concludes that p′x = v′xε′/c2 is an in-
variant of special relativity. In principle the component of ve-
locity defining the momentum component can be positive or
negative; yet squaring this equation one surely handles posi-
tive terms. So write ε2(vx/c)2 = (pxc)2; since vx/c < 1 for a
massive particle one finds ε2 > (pxc)2, which compels writ-
ing ε2 = (pxc)2 + ε2

o. Calculate the limit px/vx for v → 0;
denoting this limit as

lim
v→0

px

vx
= m (A2)

the concept of mass m is introduced as a consequence of the
uncertainty, whereas (A1) yields lim

v→0
ε = εrest = mc2 in agree-

ment with the idea that the limit must be finite; indeed no

reason requires ε → 0 for vx → 0. Thus px = mvx is the
non-relativistic form of (A1). So the previous equation yields
mc2 = ε2

o, i.e.
ε2 = (pc)2 + (mc2)2 (A3)

as it is well known. Hence (2,1) define themselves without
additional hypotheses the concept of mass and the relativis-
tic and non-relativistic form of the respective local variables
included in the ranges ∆p and ∆ε. Note that merging to-
gether both equations one finds the well known expressions
consistent with the Lorentz transformations. Also note that
the local values of px and ε are exactly definable in relativity,
which is substantially classical physics subjected to the co-
variancy principle in a four dimensional space-time context;
here instead, as shown in section 2, coordinates, momentum
and energy are dynamical variables random, unknown and
unknowable within the respective uncertainty ranges. This is
the conceptual key to understand the further considerations
of this appendix. In classical physics momentum and en-
ergy of a free particle are constants; yet it is not so in the
quantum world, where quantum fluctuations are allowed to
occur. The crucial point is that (A1) and (A3) are quantum
results, despite their form agrees of course with that of spe-
cial relativity; yet, being the particles completely delocalized,
the local p and ε must be intended as random values within
the respective uncertainty ranges. So these equations can be
accordingly handled. Let us admit that during a short time
range δt even the energy of a free particle is allowed to fluc-
tuate randomly by δε. Since during the time transient the
particle is expectedly allowed to move in a arbitrary way,
(A1) is now exploited to highlight the link between δε and
the related changes δp and δv. Differentiating (A1) one finds
δε = c2δp/v − p(c/v)2δv: with given p and v, this result de-
fines the functional dependence of δε upon arbitrary δp and
δv. Sum δε and (A1) to find ε + δε = c2(p + δp)/v − εδv/v.
In general δpδx = n~ reads (δp)2 = n~δp/δx, whereas in
an analogous way (δε)2 = n~δε/δt. Regard just in this way
ε + δε and p + δp; putting δx = vδt and replacing in the last
expression to calculate δ(ε + δε)/δt, one finds

(n~)−1(∆ε)2 = (n~)−1(∆pc)2 − εδω
∆ε = ε + δε; ∆p = p + δp.

(A4)

The term εδω results because v/δx has physical dimensions
of a frequency ω, so that δv/δx = δω. As n~ωδε = δ(εn~ω)−
εδ(n~ω), replacing this identity in the last equation one finds
(∆ε)2 = (∆pc)2 + n~ωδε − δ(εn~ω). Let us specify this result
via the position

n~ω = δε

which yields also (∆ε)2−(∆pc)2 = (δε)2−δ(εδε). At left hand
side appear terms containing the ranges ε+δε and p+δp only,
at right hand side the ranges δε and δp only. These latter are
both arbitrary; moreover ε and p are arbitrary as well. So it
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is reasonable to expect that the last equation splits into two
equations linked by a constant energy εo

(∆ε)2 − (∆pc)2 = ε2
o = (δε)2 − δ(εδε). (A5)

Indeed εo agrees with both of them just because it does not
depend upon neither of them. Trivial manipulations show that
the first equation yields

p = ± εov/c2

√
r2
ε − r2

p(v/c)2
; ε = ± εo√

r2
ε − r2

p(v/c)2

rp = 1 +
δp
p

rε = 1 +
δε

ε
.

(A6)

(A5) is fulfilled even during the transient. The value of the
constant εo is immediately found as a consequence of (A2):
in agreement with (A5) ε2

o = ε2
rest, because A6 hold during the

time transient allowing δε; before and after that transient one
must put δε = 0 and δp = 0 in order to have the “standard”
Einstein momentum and energy of the free particle, here in-
ferred from A1 to A3. So

ε2
Ein = c2 p2

Ein + ε2
rest

pEin = ± mv√
1 − (v/c)2

; εEin = ± mc2

√
1 − (v/c)2

.

It is easy now to calculate the energy and momentum gaps
during the time transient δt as a function of δp/p and δε/ε as
follows

δl


mv√

r2
ε − r2

p(v/c)2
− mv√

1 − (v/c)2

 = n f l~

δt


mc2

√
r2
ε − r2

p(v/c)2
− mc2

√
1 − (v/c)2

 = n f l~

(A7)

where δt is the time length of the fluctuation, δl the path trav-
eled by the particle during δt and n f l the number of states al-
lowed to the particle during the energy transient. These equa-
tions are in effect nothing else but the uncertainty equations of
the fluctuation gaps δp f l = p f l− pEin and δε f l = ε f l−εEin. Of
course δp→ 0 and δε→ 0 after the transient, so the amounts
within parenthesis vanish, while n f l = 0 too; i.e. the fluctua-
tion states are no longer accessible to the particle. Taking the
ratio of these expressions, one finds

δl
δt

= c
c
v
. (A8)

According to (A8), during a quantum fluctuation of time len-
gth δt the uncertainty range δl allowed to any quantum par-
ticle corresponds to an average displacement rate δl/δt =

c2/v > c, i.e. as if the particle would really propagate at

superluminal rate. The reasoning to explain this result is sim-
ilar to that explaining the recession motion of celestial objects
mostly as a consequence of the expansion of the space-time
itself. If the fluctuation modifies the size of the energy and
momentum ranges, then according to (2,1) it must modify
also the space and time range sizes. Yet the space range in-
cludes all local coordinates allowed to the particle: since this
latter is anywhere in the space range because it is delocalized,
and not because it really travels from point to point, modify-
ing the space size means affecting the ability of the particle
of being somewhere in the universe regardless of the veloc-
ity necessary to cover the path. This explains the apparent
anomaly of superluminal velocity to figure out a fluctuation
driven displacement. From a mathematical point of view, this
is indeed possible provided that (A7) verify two inequalities:
the first is rpv/crε < 1, to avoid imaginary quantities, the sec-
ond is r2

ε − r2
p(v/c)2 < 1 − (v/c)2, in order that both left hand

sides be positive. These inequalities merge into the unique
r2
ε − 1 < (r2

p − 1)(rε/rp)2, which yields 1 − r−2
ε < 1 − r−2

p

i.e. r−2
ε > r−2

p and thus r2
ε < r2

p. So, being δp/p > δε/ε ac-
cording to (A6), ε/p > δε/δp reads thanks to (A1) and (2,1)
v/c2 > δt/δx and thus δx/δt > c2/v even though v < c. (A8)
is confirmed noting that it could have been obtained more
quickly and easily: rewrite (2,1) as ∆x/∆t = ∆ε/∆px and
recall (A1) ∆ε/∆px = c2/vx; replacing the latter into the for-
mer one finds ∆x/∆t = c2/v. This result has the same form
of (A8) and (3,7); without the steps (A4) to (A8) however the
properties of the quantum fluctuation would not be evident.
Owing to the arbitrariness of the range sizes, nothing in prin-
ciple distinguishes ∆x and ∆t from δl and δt; yet (A7) empha-
size the specific link between δl and δt and their conjugate
momentum and energy just during the quantum fluctuation.
For instance, (A7) admit rε = 1 and rp = 1, i.e. δε = 0 and
δp = 0, in which case n f l = 0 because of course there are no
fluctuation states; instead ∆px = 0 and ∆ε = 0 are unphysical
because they deny the concept of quantum uncertainty.

In conclusion the theoretical analysis describes the effect
of the extra energy transient on the space-time uncertainty of
the particle during the quantum fluctuation: a massive par-
ticle can displace more than allowed by its actual velocity.
Transient displacement ranges δl > cδt are possible for the
boundary of the universe, even though forbidden in the early
Einstein derivation of momentum and energy. Indeed the rel-
ativity is substantially classical physics; yet the beauty of the
theory does not admit itself quantum phenomena like the fluc-
tuations. These phenomena are instead allowed when deriv-
ing the Einstein formulas in the quantum frame of (2,1).

It is worth emphasizing however that in the particular case
v = c even δl/δt remains always and invariably equal to c.

It is clear now that also the universe expansion is inter-
ested by these results: the previous quantum considerations,
unexpected in classical relativity, help to better understand
and describe the so called “inflationary era”. Regard the big
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bang as a vacuum fluctuation that begins at the arbitrary time
t0 and expands the primordial sphere of radius r0 according to
the concepts introduced at the beginning of section 3. During
δt the displacement δl of the boundary of the universe could
overcome cδt, in agreement with δε , 0 and δp , 0. Inflation
did occur when the radiation density was such that the pho-
tons were allowed moving in a medium with refractive index
nr > 1 and matter particles, virtual or not, were generated in
the radiation field during the early beginning of the later mat-
ter era. This idea agrees with the presence at the boundary of
the primordial universe of the virtual couples of particles and
antiparticles generating locally via their annihilation the halo
of electromagnetic radiation introduced in (3,1).

As in the present approach the ranges sizes are unknown
and conceptually unknowable, it is impossible to know ex-
actly how long lasts δt. Yet it is possible to say that after a
certain time range, when δε = 0 and δp = 0 i.e. after the end
of the fluctuation, the universe expansion continued at rate
compliant with the usual condition v < c.

Consider an arbitrary number of particles, assumed for
simplicity non-interacting; holds for i-th of them pi = viεi/c2.
Let ∆p and ∆ε be the momentum and energy ranges includ-
ing all pi and εi; being the range sizes arbitrary, it is possi-
ble to write ∆p = v∆ε/c2 with v defined in agreement with
(A1). Suppose that a quantum fluctuation starts at an arbi-
trary time and modifies momenta and energies of some of the
particles, so that the respective ranges are modified as well;
then (c2/v)∆p = ∆ε yields (c2/v)δ∆p − (c/v)2δv∆p = δ∆ε.
Moreover (2,1), which read ∆ε/2π = n~ω with ω = 2π/∆t
and ∆p/2π = n~k with k = 2π/∆x, yield δ∆ε/2π = n~δω
and δ∆p/2π = n~δk. The former is the Planck equation ex-
pressed as a function of ∆ε/2π instead of ∆ε, the latter is the
De Broglie equation also expressed as a function of ∆p/2π
instead of ∆p; however being the range sizes arbitrary, un-
knowable and inessential as concerns the eigenvalues of the
physical observables, as shown in section 2, the factor (2π)−1

is trivially irrelevant. It is remarkable instead that ∆x and ∆t
of (2,1) are regarded here as wavelength and frequency of a
wave, which is in fact possible in agreement with the general
character of (2,1). One finds concurrently

δω

δk
=
ω′

k
; ω′ = ω − ku;

u(ω, k) = n2
r
δv
δ∆p

∆p; nr =
c
v
.

(A9)

Being v and δv arbitrary, it is evident that these equations
hold whatever nr might be. This conclusion is interesting be-
cause in effect the physical meaning of these equations de-
pends just on the features of v. Call vp = ω/k and vg = ω′/k,
being thus ω′ = ω′(k). For v ≡ c (A1) reads ∆ε = c∆p
and describes a set of electromagnetic waves propagating in
the vacuum, whence u = 0 i.e. ω′/k ≡ ω/k ≡ c. If v < c
is again constant, then these equations still describe a set of
light waves propagating at the same rate vp in non-dispersive

medium with refractive index nr; yet they are also compati-
ble with a set of massive free particles displacing at the same
rate. The case where v < c depends on k is more interesting.
The equations describe light waves propagating with differ-
ent velocities in a dispersive medium dependent on nr; the
first (A9) defines the group velocity vg , vp of the whole
packet formed in the dispersive medium. Analogous conclu-
sion holds also for the matter waves: now the displacement
of matter wave packet at rate vg is related to the maximum
probability to find somewhere the set of particles; indeed the
first (A9) is also obtained from δ(ω′/k)/δk = 0, which sug-
gests that ω′/k corresponds to the rate with which moves the
maximum of the packet defined by the dispersion curve ω′/k
vs k. Both electromagnetic waves and matter particles, de-
spite their different physical nature, are thus compatible with
a unique kind of equation: their common feature is the dual
wave/corpuscle nature strictly connected with the quantiza-
tion condition of (2,1).

The changes δω and δk have been introduced as a con-
sequence of quantum fluctuation; in effect it would be also
possible to infer from δω = ωδk/k− uδk the Einstein formula
for the energy fluctuations of blackbody radiation. For brevity
this point is waived here; yet, is significant the ability of the
quantum fluctuation to generate packets of particle waves and
packets of electromagnetic waves having similar behavior.
This conclusion helps to figure out the formation of matter
in the radiation field during the radiation era as superposi-
tion of electromagnetic radiation and matter wave packets,
both propagating with their characteristic group velocities v(r)

g

and v(m)
g . This supports the idea of fermion/antifermion pairs

formed via photon fluctuations at appropriate energy fulfill-
ing momentum and angular momentum conservation rules.
The matter waves extended to all space time available justify
the presence of matter throughout the universe. Indeed it is
possible to write δω/δk = δω(r)/δk(r) + δω(m)/δk(m); then,
the addends at right hand side read δω(r)/δk(r) = v(r)

g and
δω(m)/δk(m) = v(m)

g . So the extra energy transient of the fluctu-
ation of the radiation field (term at left hand side, because δω
is proportional to δ∆ε) has generated a matter wave propagat-
ing at rate in general different from that of further radiation
(terms at right hand side); the quantum fluctuation of this lat-
ter could generate in turn further matter and further radiation
and so on, until the available energy is sufficient to repeat the
process. The matter particle propagates with a group velocity
v(m)
g having finite space length; in principle the matter wave

packet can also represent a chunk of matter having finite size
and given probability of being found somewhere and moving
in the universe. This supports the physical meaning of (3,12)
as discussed in section 3.1.
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