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One introduces an ansatz for the expansion factor a(t) = e(H(t)t−H0T0)/β for our Universe
in the spirit of the FLRW model; β is a constant to be determined. Considering that
the ingredients acting on the Universe expansion (t > 4 × 1012 s ≈ 1.3 × 10−5 Gyr) are
mainly matter (baryons plus dark matter) and dark energy, one uses the current mea-
sured values of Hubble constant H0, the Universe current age T0, matter density param-
eter Ωm(T0) and dark energy parameter ΩΛ(T0) together with the Friedmann equations
to find β = 0.5804 and that our Universe may have had a negative expansion accelera-
tion up to the age T⋆ = 3.214 Gyr (matter era) and positive after that (dark energy era),
leading to an eternal expansion. An interaction between matter and dark energy is found
to exist. The deceleration q(t) has been found to be q(T⋆) = 0 and q(T0) = −0.570.

1 Introduction

The Cosmological Principle states that the Universe is spa-
tially homogeneous and isotropic on sufficiently large scale
[1–4] and [7]. This is expressed by the Friedmann spacetime
metric:

ds2 = ℜ2(t) dψ2+ℜ2(t) f 2
k (ψ)

(
dθ2 + sin2θ dϕ2

)
−c2dt2, (1)

where ψ, θ and ϕ are comoving space coordinates (0 ≤ ψ ≤
π, f or closed Universe, 0 ≤ ψ ≤ ∞, f or open and f lat Uni-
verse, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π), t is the proper time shown by
any observer clock in the comoving system. ℜ(t) is the scale
factor in units of distance; actually ℜ(t) is the radius of cur-
vature of the Universe. The proper time t may be identified
with the cosmic time. In terms of the usual expansion factor

a(t) =
ℜ(t)
ℜ(T0)

, (2)

being T0 the current age of the Universe, equation (1) be-
comes

ds2 = ℜ2(T0) a2(t)(
dψ2 + f 2

k (ψ)
(
dθ2 + sin2θ dϕ2

))
− c2dt2,

(3)

f 2
k (ψ) assumes the following expressions:

f 2
k (ψ)


f 2
1 (ψ) = sin2ψ (closed Universe)

f 2
0 (ψ) = ψ2 (flat Universe)
f 2
−1(ψ) = sinh2ψ (open Universe)

(4)

The expansion process one will be considering here is the one
started by the time of 4 × 1012 s ≈ 1.3×10−5 Gyr when the so
called matter era began. Right before that, the Universe went
through the so called radiation era. In this paper one consid-
ers only the role of the matter (baryonic and non-baryonic)
and the dark energy.

2 Einstein’s field equations

Let one uses Einstein’s Field Equations [5], with the inclusion
of the Λ “cosmological constant” term.

Gµν = Rµν −
1
2
gµν R =

8πG
c4

(
Tµν + TΛµν

)
(5)

where gµν is the metric tensor, Rµν is the Ricci tensor, R is the
Ricci scalar curvature, Tµν is the energy-momentum tensor,
and, TΛµν the dark-energy-momentum tensor,

TΛµν = ρΛc2gµν, (6)

ρΛ =
Λc2

8πG
; (7)

Λ is the “cosmological constant”, which will be here allowed
to vary with time. The metric tensor for the metric above,
equation (3), is

(gµν) =


ℜ2(t) 0 0 0

0 ℜ2(t) f 2
k (ψ) 0 0

0 0 ℜ2(t) f 2
k (ψ)sin2θ 0

0 0 0 −c2

 (8)

where

ℜ(t) = ℜ(T0) a(t). (9)

The Ricci tensor is given by

Rµν = ∂λΓ
λ
µν − ∂νΓλµλ + Γ

η
µνΓ

λ
ηλ − Γ

η
µλΓ

λ
ην (10)

where the Christoffel symbols Γλµν are

Γλµν =
1
2
gλσ

(
∂µgσν + ∂νgσµ − ∂σgµν

)
. (11)

The Ricci scalar curvature is given by

R = gµνRµν , (12)
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and the energy-momentum tensor is

Tµν =
(
ρm +

1
c2 pm

)
uµuν + pmgµν , (13)

where ρm is the matter density and pm is the matter pressure,
both only time dependent. By making straightforward calcu-
lations, one gets

R = 6

 k
ℜ2(T0)a2(t)

+
1
c2

( ȧ(t)
a(t)

)2

+
ä(t)
a(t)


= 6

K(t) +
1
c2

( ȧ(t)
a(t)

)2

+
ä(t)
a(t)

 . (14)

Here K(t) is Gaussian curvature at cosmic time t:

K(t) =
k
ℜ2(t)

=
k

ℜ2(T0) a2(t)
. (15)

The Einstein’s field equations are

Gii =
8πG
c4

(
Tii + TΛii

)
↔

−
c2K(t) +

(
ȧ(t)
a(t)

)2

+ 2
ä(t)
a(t)

 = 8πG
(

1
c2 pm − ρΛ

) (16)

and
Gtt =

8πG
c4

(
Ttt + TΛtt

)
↔

3

c2K(t) +
(

ȧ(t)
a(t)

)2 = 8πG (ρm + ρΛ)

(17)

where i = (ψ, θ, ϕ); all off-diagonal terms are null. The equa-
tion of state for dark energy is

pΛ = −ρΛc2. (18)

Simple manipulation of equations above leads to

ä(t)
a(t)

= −4πG
3

(
ρm + 3

1
c2 pm − 2ρΛ

)
, (19)

(
ȧ(t)
a(t)

)2

+ c2K(t) =
8πG

3
(ρm + ρΛ) . (20)

Equations (19-20) are known as Friedmann equations. Hav-
ing in account that

ȧ(t)
a(t)
= H(t), (21)

ä(t)
a(t)

= Ḣ(t) + H2(t), (22)

where H(t) is time dependent Hubble parameter, and that
pressure pm = 0 (matter is treated as dust), one has

Ḣ(t) + H2(t) =
8πG

3

(
−1

2
ρm + ρΛ

)
, (23)

c2K(t) + H2(t) =
8πG

3
(ρm + ρΛ) , (24)

or
Ḣ(t)
H2(t)

+ 1 =
1
ρcrit

(
−1

2
ρm + ρΛ

)
, (25)

c2K(t)
H2(t)

+ 1 =
1
ρcrit

(ρm + ρΛ) , (26)

where

ρcrit =
3H2(t)
8πG

(27)

is the so called critical density. From equations (25-26) one
obtains, after simple algebra,

ρm =
1

4πG

(
c2K(t) − Ḣ(t)

)
, (28)

ρΛ =
1

4πG

(
1
2

c2K(t) +
3
2

H2(t) + Ḣ(t)
)
, (29)

or,

Ωm =

(
2
3

c2K(t)
H2(t)

− 2
3

Ḣ(t)
H2(t)

)
, (30)

ΩΛ =

(
1
3

c2K(t)
H2(t)

+
2
3

Ḣ(t)
H2(t)

+ 1
)
, (31)

where Ωm = ρm/ρcrit and ΩΛ = ρΛ/ρcrit are, respectively, the
cosmological matter and dark energy density parameters.

The Ricci scalar curvature stands as

R = 6
(
K(t) +

1
c2

(
2H2(t) + Ḣ(t)

))
. (32)

3 The ansatz

Now let one introduces the following ansatz for the expansion
factor:

a(t) = e(H(t)t − H0T0)/β (33)

where T0 is the current age of the Universe, H0 = H(T0)
is the Hubble constant, and β is a constant parameter to be
determined. From equations (21-23) one obtains

H(t) = H0

(
t

T0

)β−1

(34)

Ḣ(t) = H(t)
1
t

(β − 1) . (35)

By inserting equations (34-35) into equation (25) one has:

β − 1
H0t

(
t

T0

)1−β
+ 1 =

1
ρcrit

(
−1

2
ρm + ρΛ

)
(36)

β − 1
H0T0

(
t

T0

)−β
= −1

2
Ωm + ΩΛ − 1 (37)
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Fig. 1: a(t) = e
1
β

((
t

T0

)β
−1

)
H0T0

Fig. 2: H(t) = H0

(
t

T0

)β−1

Since β is assumed to be a constant, and, thatΩm(T0), ΩΛ(T0)
and H(T0) = H0 are measured quantities, one has for t = T0,

β − 1
H0T0

= −1
2
Ωm(T0) + ΩΛ(T0) − 1 (38)

which solved for β gives

β = 1 + H0T0

(
−1

2
Ωm(T0) + ΩΛ(T0) − 1

)
= 0.5804. (39)

where

H0 = 69.32 kms−1Mpc−1 = 0.0709 Gyr−1,

T0 = 13.772 Gyr,

Ωm(T0) = 0.2865 and ΩΛ(T0) = 0.7135 [6].
The plot of the expansion acceleration

ä(t) =
(
Ḣ(t) + H2(t)

)
a(t) (40)

as function of t = age of the Universe reveals that for t < T⋆,
the acceleration is negative and for t > T⋆, the acceleration is
positive. See Figure (4). This means that when the Universe
is younger than T⋆, the regular gravitation overcomes dark
energy, and after T⋆, dark energy overcomes gravitation. The
result is an eternal positive accelerated expansion after T⋆ =
3.214 Gyr. See ahead.

Fig. 3: ȧ(t) = a(t) H0

(
t

T0

)β−1

Fig. 4: ä(t) = a(t)
(
H0

(
t

T0

)β − (1 − β) 1
t

)
H0

(
t

T0

)β−1

Fig. 5: q(t) = −
(
1 + 1

H0T0
(β − 1)

(
t

T0

)−β)
In fact, by setting equation (40) to zero and just solving it

for t,

H(t)
1
t

(β − 1) + H2(t) = 0, (41)

one gets

t = T⋆ = T0

(
1 − β
H0T0

) 1
β

= 3.214 Gyr . (42)

From equation (26), one writes

c2k
ℜ2(t)H2(t)

= Ωm + ΩΛ − 1. (43)

The known recently measured values of Ωm(T0) and ΩΛ(T0)
[6] do not allow one to say, from above equation, that the
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Fig. 6: Left hand side of equation (43) is plotted for some values of
ℜ(T0). At the current Universe age T0 = 13.772 Gyr, the right side
of the referred equation has the margin of error equal to ±0.0191.

Fig. 7: Gaussian curvature K(t) = k

(ℜ(T0)a(t))2 and Ricci scalar cur-

vature R(t) = 6
(
K(t) + 1

c2 H(t)
(
2H(t) + 1

t (β − 1)
))

.

Universe is clearly flat (k = 0). The referred measured values
have a margin of error:

ΩΛ(T0) = 0.7135
{
+0.0095
−0.0096

Ωm(T0) = 0.2865
{
+0.0096
−0.0095

Considering also the margin of errors of the other measured
parameters [6], one cannot distinguish between k = 1, −1 or
0. The match between both sides of equations (43) requires
that, the today’s curvature radius of the Universe beℜ(T0) >
100 Gly, in the context of this paper. See Figure (6).

The so called deceleration parameter is

q(t) = − ä(t)a(t)
ȧ2(t)

= −
(

Ḣ(t)
H2(t)

+ 1
)

= −
1 + β − 1

H0T0

(
t

T0

)−β
(44)

which, at current Universe age is q(T0) = −0.570. See Figure
(5).

The expansion scalar factor a(t), Hubble parameter H(t),
expansion speed ȧ(t), expansion acceleration ä(t), and the de-
celeration parameter q(t) are plotted in Figures (1-5).

Fig. 8: Matter and dark energy density parameters for
k = 1, 0,−1: Ωm(t) = 2

3H2(t)

(
c2K(t) − (β − 1) H(t)

t

)
; ΩΛ(t) =

1
3H2(t)

(
c2K(t) + 2 (β − 1) H(t)

t + 3H2(t)
)
. The radius of curvature is

taken asℜ(T0) = 102 Gly.

Fig. 9: Matter and dark energy densities for k = 1, 0,−1: 6sssmmm
ρm(t) = 2

8πG

(
c2K(t) − (β − 1) H(t)

t

)
;

ρΛ(t) = 1
8πG

(
c2K(t) + 2 (β − 1) H(t)

t + 3H2(t)
)
.

The radius of curvature is taken asℜ(T0) = 102 Gly.

The sequence of Figures (7-10) shows the Gaussian K(t)
and R curvatures, matter density parameter Ωm(t), dark en-
ergy density parameter ΩΛ(t), matter density ρm(t), dark en-
ergy density ρΛ(t) and cosmological dark energy Λ(t).

The time derivatives of ρΛ(t) and ρm(t) reveal interesting
detail of the model in question:

ρ̇m + 3H
(
ρm +

1
c2 pm

)
= ρ̇m + 3Hρm = −Q (45)

ρ̇Λ + 3H
(
ρΛ +

1
c2 pΛ

)
= ρ̇Λ = Q (46)

Q = 2H
(

1
t2 (β − 2)(β − 1) + 3Ḣ − c2K

)
(47)

where pm = 0 and pΛ = −ρΛc2. This implies that

ρ̇m + ρ̇Λ = −3Hρm. (48)

The two perfect fluids interact with each other. In Figure (11)
one shows the plots for ρ̇m, ρ̇Λ and ρ̇m + ρ̇Λ as functions of
cosmic time.
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Fig. 10: Dark energy Λ(t), in units of cm−2 for k = 1, 0,−1.
Λ(t) = 1

c2 8πG ρΛ(t). The radius of curvature is taken as ℜ(T0) =
102 Gly. The result for Λ(t) satisfies the following inequality:
|Λ| < 10−42cm−2 [4].

Fig. 11: Time derivatives of ρΛ, ρm and of the sum ρΛ + ρm for
k = 1, 0,−1. The radius of curvature is taken asℜ(T0) = 102 Gly.

4 Conclusion

The expression for the expansion factor a(t) = e
H0T0
β

((
t

T0

)β
−1

)
,

where β = 0.5804, constitutes a model for the expansion of
the Universe for t > 4 × 1012s ≈ 1.3 × 10−5Gyr in which
gravity dominates up to the Universe age of T∗ = 3.214 Gyr
and after that dark energy overcomes gravity and that persists
forever. The acceleration of expansion is negative in the first
part (matter era) and positive after that (dark energy era). The
mathematical expressions for dark energy and matter densi-
ties indicate a clear interaction between the two perfect fluids
(dark energy and matter). The classical deceleration parame-
ter q(t) is found to have the value q(T0) = −0.570 for the cur-
rent Universe age and the current radius of curvature should
beℜ(T0) > 100 Gly.

Submitted on March 2, 2014 / Accepted on March 4, 2014

References
1. Raine, D. An Introduction to the Science Of Cosmology. Institute of

Physics Publishing Ltd, 2001.

2. Peacock, J.A. Cosmological Physics. Cambridge University Press,
1999.

3. Harrison, E.R. Cosmology: The Science of the Universe. Cambridge
University Press, 2nd ed. 2000.

4. Islam J.N. An Introduction to Mathematical Cosmology. Cambridge
University Press. 2002.

5. Baryshev, Y.V. Expanding space: The root of conceptual problems of
the cosmological physics. arXiv: gr-qc/0810.0153. 2008

6. Bennett, C.L. et al. Nine-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Final Maps and Results. arXiv: astro-ph.CO.
2013.

7. Ellis, G.F.R. et al. Relativistic Cosmology. Cambridge University Press,
2012.

Nilton Penha Silva. A Model for the Expansion of the Universe 97


