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We have used regression analysis to establish a time correction mechanism for four
GRBs (030329, 980425, 000418, and 021004) employed from literature on the basis
of a frequency-dependent speed of light (FDSL) model which we developed entirely
from Maxwell’s electromagnetic equations in conjunction with plasma and dispersion
effects. In our first instalment (Paper 1), on the assumption that these GRBs all leave
the source at the same time we obtained good positive correlations and hence justified
the reliability of our fitting model. In this paper, however, on the assumption that each
photon leaves the GRB source at different times, we modify the previous model to ob-
tain a more fitting model. Furthermore, the modification led to the unification of the
four GRBs into a homogenous albeit perfect correlation leading to the determination of
the frequency equivalent of the ISM (v∗ = 1.507 ± 0.0009 Hz) and hence, the spatial
sizes (∆D) of the internal and external shocks wherein we obtain for the four GRBs
∆D = 838.90, 39.00, 7804.00 and 19188.00 for GRBs 030329, 980425, 000418,
and 021004 respectively. If the results provided herein are deemed acceptable or reason-
able — one can on this basis — say that the relationship we have established from our
analysis for the four GRBs supports two GRB models, “the framework of the fireball
model” and “the multiple shock wave model” of GRBs production and their afterglow.
Additionally, the implications are evident in the variations of relativistic outflows within
the jets offering valuable insights into the acceleration mechanisms and interactions be-
tween the jet and its surrounding medium.

1 Introduction

One of the most puzzling phenomena in modern astrophysics
is perhaps γ-ray bursts (GRBs). These brief flashes of non-
thermal γ-ray energy which occur about once a day have con-
sistently defied the laws of physics in their explanation. GRBs
are highly concentrated high-energy explosions from distant
objects deep within space. These explosions create a rela-
tivistic blastwave which inevitably collides with the circum-
burst medium resulting in internal and external shocks [1].
The photons emanating from these shocks possess enormous
energies typically on the order of 1042–1047 J [2, 3], and ar-
rive at Earth as cosmic snipers that are uniformly distributed
on the sky [4]. Due to these extreme energies, the prompt
emission observed in these GRBs before now was believed
to have been generated by a relativistic jet from their central
engine [5–7]. Similarly, an afterglow is likely produced by
external shocks from the interaction between the jet material
and the circumburst medium [3].

Despite decades of research, the precise mechanisms driv-
ing GRBs and the characteristics of their progenitors remain
a subject of intense investigation. One crucial aspect of un-
derstanding GRBs lies in estimating the spatial size of the
shock waves they generate, as it provides invaluable insights

into their physics and progenitor environments. Recent ad-
vancements in time-delay models, e.g. [8–11], have offered
a promising avenue to infer the spatial scales of GRBs phe-
nomena. These delays, resulting from the differential arrival
times of photons emitted from different parts of the shock re-
gion encode valuable information about the size and structure
of the emitting source. By exploiting the temporal behaviour
of GRB emissions across different frequencies and utilizing
theoretical models of light propagation and interaction with
the surrounding medium, we can be able to constrain the spa-
tial dimensions of GRB shockwaves.

However, such methods face limitations in resolving the
intrinsic size of the shock region, often convoluted by the
surrounding environment and instrumental effects. An alter-
native approach gaining traction involves exploiting the time
delay phenomena observed in photons of different frequen-
cies from GRB shocks as they propagate via the Interstellar
Medium (ISM). This paper aims to provide an independent
method formulated from relativistic mechanics in estimating
the spatial size of GRB shocks using one of such time-delay
models [8]. We will explore the theoretical foundations un-
derpinning this model, the observational data utilized [12],
and the constraints derived from such analyses. Additionally,
we will discuss the implications of these spatial estimates on
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our understanding of GRB physics, progenitor systems, and
their broader astrophysical implications. In the end, we aim to
provide insights into the spatial characteristics of GRB shocks
and their implications for understanding the physics of these
extraordinary cosmic events.

Penultimately, we shall give a synopsis of the remainder
of the present article. To begin, in §2 we take a critical look
at the GRB time delay shock models to understand the role
these shocks play in the generation of photons of different
frequencies as they travel through the ISM. §3 gives a brief
overview of the fireball model with special emphasis on how
the internal and external shock mechanism gives strong sup-
port for our ideas on the non-simultaneous release of the pho-
ton pairs. §4 discusses our proposed FSDL time delay model
and how it all fits into our current instalment. In §5, we give a
step-by-step process of the current time rectification method-
ology we adopted, the fitting procedure used to obtain ν∗ and
the constraints imposed on our parameters. §6, §7 and §8,
present our results, the justification of our rectification mech-
anism and the general discussion accompanying our results.
Thereafter, we conclude with §9.

Lastly, we perhaps must hasten and say that, through-
out this paper, we assume a flat Standard ΛCDM-Cosmology
Model where we take [13]: H0 = 67.40 ± 0.50 km × s−1 ×

Mpc−1, ΩΛ = 0.685± 0.007, and Ωm = 0.315 and that, for all
our calculations of the luminosity distances (DL) to the differ-
ent GRBs and their host galaxies, we shall use Wright’s [14]
online cosmology calculator.*

2 GRB Time Delay Models

Several studies provide valuable insights into the time de-
lay mechanism of GRB shocks. e.g. [15] introduced an im-
proved model-independent method based on time-delay mea-
surements of GRBs at different energy bands. This method
allows for probing the energy-dependent velocity due to mod-
ified dispersion relations for photons. Additionally, [16] dis-
cussed estimating the number of emitting electrons in GRBs
based on fitted parameters and assuming specific emission
radii predicted by shock models within the outflow. More-
over, [17] demonstrated how delayed and long-lasting after-
glow emissions in certain GRBs could be interpreted through
a synchrotron forward-shock model. This interpretation was
supported by the analysis of radio, optical, and X-ray light
curves. Many other authors have also studied time delay mod-
els in probing GRB to mention but a few [18]

This paper aims to provide an independent method for-
mulated from relativistic mechanics in estimating the spa-
tial size of GRB shocks using one of such time-delay mod-
els [8]. We will explore the theoretical foundations under-
pinning this model, the observational data utilized [12], and
the constraints derived from such analyses. Additionally, we
will discuss the implications of these spatial estimates on our

*https://www.astro.ucla.edu//∼wright/CosmoCalc.html

understanding of GRB physics, progenitor systems, and their
broader astrophysical implications. In the end, we aim to pro-
vide insights into the spatial characteristics of GRB shocks
and their implications for understanding the physics of these
extraordinary cosmic events. To begin, we will first take a
critical look at the GRB fireball model with specific refer-
ence to the internal and external shock models to understand
the role these shocks play in the generation of photons of dif-
ferent frequencies as they travel through the ISM.

3 Fireball Model

As is well known, a highly effective framework for interpret-
ing observations of GRBs has been made available in the
form of the fireball model [19–22]. The fireball model is
commonly employed to explain the mechanism that produces
the radiation we detect from most GRBs. The most widely
accepted, and almost certain explanation for GRB produc-
tion according to the fireball model is that when there is an
ejection of extremely high energetic jets due to the merger of
two neutron stars (NS-NS) [23], or a neutron star and a black
hole (NS-BH) [4, 23] and a supernova [24] explosion as de-
picted in Fig. 1, the enormous release of energy gives rise to
a Poynting-flux-dominated Magneto-hydrodynamics (MHD)
wind with a luminosity of approximately 1050 erg × s−1 [25]
within the ISM confined to the jet cone. These MHD winds
generate the GRBs when the kinetic energy of these ultra-
relativistic particles, or potentially the electromagnetic en-
ergy of the Poynting flux, is converted to radiation [21, 26].

The GRB fireball model is essential for understanding the
nature and implications of GRB shocks. In a bid to demys-
tify the radiation mechanism, [27, 28] compared the fireball-
shock and millisecond-magnetar models by fitting them to
X-ray data of specific GRBs, emphasizing the importance of
different shock models in explaining GRB phenomena. Simi-
larly, [29] used a “boosted fireball” model to replicate the hy-
drodynamics of GRB outflows, highlighting the necessity for
comprehensive models to decode the complexities of GRBs.
In the same light, [30] provides a comprehensive review of γ-
ray bursts and related transients, discussing theoretical mod-
els for prompt and afterglow emissions, including the stan-
dard fireball model with internal and external shocks. Their
study highlights the role of synchrotron radiation from rela-
tivistic electrons accelerated in the shocks, emphasizing the
importance of magnetic fields in these processes, and the in-
ternal and external shock mechanisms for γ-ray burst emis-
sion.

Additionally, [31] discussed utilizing GRB emissions as
a test-bed for modified gravity theories, demonstrating how
GRBs can offer insights into fundamental physics beyond
standard models [32–35] and many more have also explored
how gravitational wave observations can enhance our under-
standing of the intrinsic properties of the shock waves from
GRBs, showcasing the interdisciplinary nature of studying
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these phenomena. To describe both the initial burst of γ-
rays and the lengthy afterglow, the fireball model employs
two separate shock wave models — namely, the internal and
external shock wave models [36, 37].

3.1 Internal Shock

As depicted in Fig. 1, internal shocks are responsible for the
high energy of γ-ray particles. Moments after the incident,
shock waves (fronts) with a Lorentz factor (Γ) close to 100
are emitted from the inner engine at relativistic speeds lead-
ing to multiple shock waves, each travelling at a different rel-
ativistic speeds. These shock fronts result in energetic γ-ray
emissions which are principally caused by thermal magnetic
reconnection activities and relativistic processes. In this pro-
cess, baryonic mass will be added to the emission, thus help-
ing to convert some radiation energy into relativistic kinetic
energy, which in turn increases the γ-ray burst flux. As il-
lustrated in Fig. 1, a significant portion of the initial energy
released by the freshly generated BH is transformed straight
into photons in a pure radiation fireball [37, 38].

3.2 External Shock

On the other hand, external shocks are predominantly ther-
mal emissions produced as the energy transferred from the
shock waves is deposited into the interstellar medium (ISM).
The spilt substance can then be trapped in the shock front and
release radiation as the shock travels in the outward direc-
tion. The resulting broadband synchrotron radiation evolves
as the external shock propagates outward into the surround-
ing medium, depending on various fundamental character-
istics of the explosion, the specifics of the shock evolution,
and the density profile of the medium into which it expands
[26, 40]. When shocks from this external surrounding cir-
cumburst matter delay this flow of electrons, the afterglow
appears with varying frequencies ranging from X-ray to op-
tical wavelengths. It is generally assumed that most of the
GRBs we detect are triggered by internal shocks, while the
slow afterglow emanates from the external shocks [41].

It is on this theoretical explanation of this fireball model
that we anchor our modified time delay emission model,
wherein we now have the radio photon pairs not simultane-
ously leaving the GRB event as has been assumed in our pre-
vious papers [8]. We aim to show that under the above-stated
new assumption of non-simultaneous emission of the radio
photon pair, the time delay experienced by these photons may
very well be a result of the series of shock waves generated by
the internal and external production mechanism as is assumed
in the fireball model. This may also lead us to understand the
shock dynamics and/or the spatial sizes of the shocks.

4 Our Proposed FSDL Model

Here, we adopt a standard fireball scenario for the GRBs af-
terglow, where a relativistic shock with (Γ) expands into the

circumburst medium (CBM). The afterglow flux arises from
the radiation (synchrotron and possibly also inverse Comp-
ton) emitted by relativistic electrons accelerated from the in-
ternal to the external shocks. To describe the spatial size of
these jets, we account for the effects of the conductance of
the medium through which these radiations pass en route to
the detector and model the shock dynamics using our FDSL-
model.

The formulation we came up with was simple and elabo-
rate which is: In [8], without any exogenous or exotic ideas
being brought in, the following dispersion relation was de-
rived directly from Maxwell’s four fundamental equations of
Electrodynamics

ω2 − c0
2κ2 = −4ω∗ω, (1)

where ω∗ = 2πν∗ = µc2σ/4, ω = 2πν, with ν being the fre-
quency of the Photon and k its wave-number. Given that the
group velocity νg of a wave is given by vg = ∂ω/∂k, thus
differentiating Eq. (1) throughout with respect to k and rear-
ranging, it follows that

vg =
c2

0

ω/κ

1
2ω∗/ω

=
c2

0

vp

1
1 + 2ω∗/ω

=
c2

0

vp

1
1 + 2v∗/v

, (2)

where vp = ω/k, is the phase velocity. In a vacuum, we have
that vg = vp = c0. This assumption (of vg = vp ) was ex-
tended to the scenario of a non-vacuum medium and so doing
(i.e., maintaining this condition vg , vp, in the non-vacuum
medium), one obtains

vg

c0
=

1√
1 + 2v∗

v

. (3)

From Eq. (3), it follows that if D is the distance between
the Earth and the GRB, and vl and vh are the group velocities
for the lower and higher frequency Photons, then - to first
order approximation we have that c0/vg ≃ 1 + v∗/v, which in
turns implies that for two photons with varying velocities, the
time delay ∆t is such that

∆t =
D
vl
−

D
vh
=

Dv∗
c

(
1
vl
−

1
vh

)
. (4)

It is clear that if the laid down theory has any correspon-
dence with physical and natural reality, then, a plot of ∆t ∝(
v−1

l − vh
−1

)
for the same source (i.e., same D ) should accord-

ingly yield a straight-line graph with a slope equal to Dv∗/c0.
Eq. (4) implies that the time delay will be given by

∆t =
Dv∗
C

(
1
vl
−

1
vh

)
. (5)

The relation in Eq. (5) was applied to the following GRBs
GRB 030329, GRB 980425, GRB 000418 and GRB 021004
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Fig. 1: A Modified cartoon depiction showing schematics description of and the basic mechanism of the GRB fireball model [39],
https://www.swift.ac.uk/about/grb.php.

obtained from [12] and the result was a strong linear correla-
tion between ∆t and ∆v−1.

The obtained linear correlation confirms the theory on
which Eq. (5) has been derived. Furthermore, in [8], as a ma-
jor step, Eq. (5) assumes that the pair of GRB photons leave
the event simultaneously. The above-stated assumption leads
to a biased fit wherein the intercept of the graph of ∆t vs ∆ν−1

was made to pass through the point of origin (0, 0) for there to
be a zero y-intercept (see Fig. 2. Despite them giving a good
correlation, the four graphs also yield slopes which were used
to estimate the conductance of the ISM through which these
GRB travel (see [8]).

In this current instalment, we develop a model that does
not assume a simultaneous release of these pairs of photons.
Rather preemptively, we must say that — this new assump-
tion of a non-simultaneous — albeit systematic — emission
of these photon pairs allows us to obtain a much more con-
vincing and stronger correlation in the time delay. That is to
say, this new correlation allows us to build a unified model of
the four GRBs in our present sample wherein, we obtain two
major results, mainly

1. A constant ν∗ called the frequency equivalence of the
interstellar medium (ISM)’s conductance which allows
us to estimate every other parameter involved with the
four GRBs in question;

2. The spatial sizes of the internal and external shocks of
our four GRB samples.

One significant step involved in our modified FSDL
model is the estimation of the time correction parameter tc.
In this modified model, we believe that a pair of events com-
ing from the same shock front will lie on the same slope on a
∆t vs ∆ν−1 graph. In the case of our four GRB samples, the
GRBs will be delayed by a fraction of the difference between
the spatial sizes obtained from our calculation. Furthermore,
in line with this assumption, the earlier photon leaves now
while the latter leaves a time, t later. We can show that under
the above-stated assumption, Eq. (5) will be modified to be

∆t =
Dν∗
c0

(
1
νl
−

1
νh

)
+ tc, (6)

where tc is a two-fold correction factor we introduced to rec-
tify the time delay in the photon arrival times. Additionally,
tc is the y-intercept of this unbiased* linear regression model.
This tc will turn out to be the time difference between the
emission of the photon pair from the internal and external
shocks. This time difference is depicted in Figures 5 to 8 as
the internal and external shock. We will briefly present our
justification for our Non-simultaneous emission model.

4.1 Data Sampling and Description

As pointed out in Paper 1 [8], our data sample is wholly drawn
from [12], wherein [12] draw their data from 304 GRB sam-

*By “unbiased plot”, we mean a plot that does not force the linear graph
to pass through the (0, 0)-point of origin as has been done on Paper 1.

50 G. F. Abbey et al. Inference of Plausible Spatial Sizes of GRB Systems



Issue 1 (June) PROGRESS IN PHYSICS Volume 20 (2024)

ples compelled from 1997 to 2011 by [42]. From [12], eight
of these GRB samples were used by [8] to investigate corre-
lations in γ-ray burst time delays between pairs of radio pho-
tons as Paper 1 of a series of research geared towards inves-
tigating the cause of time delay in the arrival time of photons
of different frequencies emanating from γ-ray burst.

In the said Paper 1 [8], in ascending order, the eight
distinct GRBs we selected were 980425, 991208 000418,
000926, 021004, 030329, 031203 and 060218 making a total
sample size of 52. Amongst these eight GRB samples, four
of them GRB 980425, 000418, 021004 and 030329 when ap-
plied to our FDSL model gave good positive linear correla-
tions as expected, which in turn provides a sound basis for
our work and reliability of our model. The remaining four
samples GRB 991208, 000926, 031203 and 060218 showed
a weak correlation, so we didn’t include them in our first in-
stalment. In this present instalment, our aim was to put up a
working model first with the 4 GRBs that gave a good positive
correlation. To avoid constraints, we will differ the remaining
weak correlated GRB samples to a later instalment where we
can systematically test our model on all the data set in [12].
Additionally, we can now apply this model to recent data.

Fig. 2: Graph for Events GRB 030329, 980425, 000418, and
021004. The BLF were made to all passes through the origin.

5 Non-Simultaneous Photon Emission Model

Here we present a brief overview of our modified model as
stated in the introductory section — the assumption that the
low (νl) and high (νh) frequency photons are released simul-
taneously is to be done away with because it is very much
possible that the low (or perhaps the high) frequency photon
is released first, with the high (low) frequency photon is re-
leased a time tc later (or vice-versa). In this event, the photon
travel times tl and th of the low and high frequency photons,

respectively — will be related as follows

tl =
D
vl
+ tc, (7a)

th =
D
vh
, (7b)

where, likewise vl and vh are the speed of the low and high-
frequency photons, respectively. From the foregoing, it fol-
lows from Eq. (7), that

∆t = tl − th =
D
vl
−

D
vh
+ tc. (8)

As given in [8], if we are to substitute into Eq. (8), the
following

1
vl
=

1
c0

(
1 +
ν∗
νl

)
, (9a)

1
vh
=

1
c0

(
1 +
ν∗
νh

)
, (9b)

then, one will be led to Eq. (5). In this way — as promised,
we have justified Eq. (6).

It is important to note that if tc is a random variable —
the meaning of which is that this time is not the same for each
photon pair — it would give rise to a clearly visible scatter in
the data points along some imagined average straight line. If
tc is uniform for all the data points — imply some welcome
define and systematic origin, then, the resulting data points
— if plotted in an unbiased manner — they would lie on
a straight line that does not pass through the (0, 0)-point of
origin as is the case with the data point of the GRBs in our
sample. In the next subsection, we will briefly describe how
we obtained the ν∗ from our tc.

5.1 Fitting Procedures

As promised above, we here describe, in §5.1.1 & 5.1.1, the
fitting procedures employed to arrive at a value for the time
delay correction tc and the value of the frequency equivalent
of the ISM’s conductance (ν∗).

5.1.1 Time Delay Correction (tc)

To obtain tc, the following procedures were carried out

1. First, we isolated the different subgroups of the individ-
ual GRBs as shown in Fig. 2. That is to say, we noted
that for each GRB source, there exist two distinct sub-
groups — were for:

(a) GRB 030329, as can be seen in Fig. 5, we have
(a, b, c, d, e, f , l,m, n, o) and (g, h, i, j) data points
forming the two subgroups with GRB 0302329k
being an outlier data point;
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(b) GRB 980425, as can be seen in Fig. 6, we have
(a, c, d) and (b, e, f ) forming the two distinct sub-
groups;

(c) GRB 000418 of Fig. 7, have (a, d) and (b, c, e)
forming the two distinct subgroups;

(d) Finally, GRB 021004, in Fig. 8 have (a, b, d) and
(c, e) forming the two distinct subgroups;

2. Upon a meticulous observation of Fig. 5 to 8, one can
see that the data points for the four GRBs were grouped
in two; events group 1 representing the internal shocks
and event group 2 representing the external shocks.
The idea behind this grouping is to enable us to see
the data points that are aligned so we can correct for
the time delay (Fig. 7);

3. When the time delay (tc) is corrected, one can see that
each group’s data points have been aligned into an al-
most straight line. Fig. 3 shows the same four GRBs
in Figures 5 to 8 after tc correction. The scattered and
group events have been aligned almost perfectly to a
straight line indicating a nearly perfect linear correla-
tion amongst the four samples respectively.

5.1.2 Calculation of the Conductance (ν∗) of the ISM

At this point, we must say that, if our model is correct or
has any meaningful correspondence with physical and natural
reality, then ν∗ can be obtained thus

1. First — we note that the slope of the time delay cor-
rected graphs of Fig. 3 is proportional to the distances
to the respective GRBs, i.e.

S =
Dν∗
c0
. (10)

From this Eq. (10), it is clear that if the distance to
the GRB is known, the value of ν∗ can be computed.
Further, if cosmological space is homogeneous, then ν∗
must have a constant value in any given cosmological
direction that one chooses. Assuming a homogeneous
space as is the case in the ΛCDM-model [43], it fol-
lows that S ∝ D, the meaning of which is that if the
distance (D†) to just one GRB is known, then, the dis-
tance (Dk) to the rest of the GRBs can be inferred from
this Eq. (10).
That is to say: let S † be the slope on the graph of
the GRB whose distance D† is known and if S k is the
slope on the graph of the GRB whose distance Dk is
unknown, then, we can deduce this distance Dk from
the GRB whose slope S † and distance D† are known,
i.e.,

Dk =

(
S †
S k

)
D†. (11)

From Eq. (10), it is abundantly clear that — in-order
to deduce ν∗ — one needs not know the actual distance
to the GRB whose distance D† is known, but a relative
distance — e.g., D† ≡ 1, can be assigned, so that the
relative distance Drel(k), to the kth GRB on our list can
be computed, i.e.,

Drel(k) =
S †
S k
. (12)

From (11) and (12), it follows that

Dk = Drel(k)D†. (13)

It must be noted that Drel(k) is a dimensionless quantity
while D† has the dimensions of length;

2. Inserting Dk as given in Eq. (13) into Eq. (10), where
∆t has been corrected for the non-simultaneous time
delay, we will have

∆t
Drel
=

D†ν∗
c0

(
1
vl
−

1
vh

)
. (14)

What Eq. (14) implies is that if all our assumptions
are correct or have a meaningful correspondence with
physical and natural reality, then, a plot of ∆t/Drel vs
∆ν−1 should yield a straight line graph. the result of the
assumption is evident in (3);

3. In the present, for our standard GRB with distance D†
and slope S †, we took the GRB with the smallest red-
shift, namely GRB 980425, which has a redshift z =
0.009. The justification for doing this is spelt out in §7;

4. On careful observation of Fig. 4b one can see that the
scatter in the plots has all been fully corrected into an
almost perfectly straight line graph. A t-test was car-
ried out on the combined plot to test for statistical sig-
nificance. The result was not only consistent but also
significant at a 95% confidence level. The complete
regression fittings and other regression parameters are
shown in Table 1 and 3;

5. Therefore, From the foregoing, we have that D† =
40.00 Mpc, and S † = 70.00 ± 2.00 GHz × Days. Sub-
stituting these numerical values into 10 and converting
to standard units we calculated v∗ to be 1.507 ± 0.0009
as the frequency equivalence of the conductance of the
ISM. Following we now estimate the spatial sizes of
the internal and external shocks as presented in §6.

6 Result and Analysis

According to the Fireball model depicted in Fig. 1, a GRB
will have two shock fronts, the internal and external. The
events emanating from these shock fronts will have a large
gradient on the ∆t vs ∆ν−1 graph. Given that in the present
GRB time delay model, the distance (D) of the group events
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Fig. 3: Graph of GRB 030329, 980425, 000418, and 021004 events after tC correction.
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Fig. 4: Relative distance Plot. The combined scatter plots for
GRB 030329, GRB 980425, GRB 000418 and GRB 021004 after
relative distance correction respectively. Regression fitting for this
plot passes through the (0, 0)-point of origin unbiased showing that
the tc has been eliminated naturally via our correction procedure

emanating from the same shock front is such that D = c0S/ν∗.
It follows from the foregoing that event group (1) must there-
fore be emanating from the internal shock while event group
(2) are coming from the external shock. If both events have
slopes S1 and S2, from the bare facts at hand, the spatial size,
∆D, between these two shocks is such that

∆D =
(

c0∆S
v∗

)
(15)

where ∆S = S2 − S1, ∆D = D2 − D1 and ν∗ = 1.507 ± 0.009
Hz (see [8]). Under the above premise, we now present the
results of the spatial sizes of the four GRBs in question.

6.1 Estimating the Spatial Size

Following the procedures laid down so far, the spatial size
(∆D) can be estimated from the plot of ∆t vs ∆ν−1 as shown
in Fig. 5 to 8 while keeping v∗ as a constant. Fig. 5 to 8 shows
a scattered plot of GRB 030329, GRB 980425, GRB 000418
and GRB 021004, with two fittings representing both the in-
ternal shocks (red line with yellow data points) and external
shock (blue line with red data points). Regression analysis
and fittings in accordance with the FDSL model yield the fol-
lowing result.

6.1.1 GRB 030329

GRB 030329 have a set of two events, namely — events
(a, b, c, d, e, f , l,m, n, o) and (g, h, i, j) as shown in Fig. 5, each
with slopes S1 = 105.90±0.60, and S2 = 120.80±2.00 respec-
tively. Substituting these values into Eq. 15 after converting
to SI units with ν∗ = 1.507 ± 0.009 Hz, we obtain the spatial

size ∆D = 8.00± 1.00 Mpc. What this implies is that the spa-
tial size between the jets is occurring at megaparsec scales.
However, from the fireball model, this value seems to be very
large compared to what has been obtained [49–51]. The sig-
nificance is that the time delay is a result of the distance the
Photons travel from the internal to the external shocks due
to the reduction in their velocity as they travel via the ISM,
thus making our fitting model more significant. It is also im-
portant to note that such distinct results greatly improve our
understanding of GRBs if these results are to be corroborated
with more data points.

6.1.2 GRB 980425

GRB 980425 have two events, namely — (a, c, d) and (b, e, f )
forming the two distinct subgroups. as shown in Fig. 6, each
with slopes S1 = 71.00 ± 4.00, and S2 = 75.00 ± 8.00 respec-
tively. we obtain ∆D = 2.00± 5.00 Mpc. This GRB is also of
the mega Parsec scale as expected.

6.1.3 GRB 000418

In the case of GRB 000418, we have two events, namely —
events (a, d) and (b, c, e) as shown in Fig. 7, each with slopes
S1 = 101.70 ± 0.00, and S2 = 102.40 ± 7.00 respectively.
Substituting these parameters into 15, we obtain ∆D = 1.00±
4.00 Mpc. Similarly, the spatial size of this GRB is also of
the mega Parsec scale as expected.

6.1.4 GRB 021004

Regression fittings for both the internal and external shocks
for GRB 021004 are shown in Fig. 8. with S1 = 150.00 ±
20.00 and S2 = 154.00 ± 0.00 respectively, we obtain the
spatial size to be ∆D = 13.00 ± 4.00 Mpc.

7 Interim Discussion

For the distances to the GRBs, we can use theΛCDM-redshift
distance estimates. Our reservation with this is that distances
deduced using high redshift (i.e., z > 0.009) may not be accu-
rate. For example, over the years, there has been a raging de-
bate on this [52,53]. This debate has somehow subsided with
most astrophysicists and cosmologists accepting the ΛCDM-
redshift distance estimates [54]. If any, there has not been
any controversy with low redshifts and using these for dis-
tance determinations via Hubble’s law [55, 56].

Rather fortuitously, we have in our four sample GRB the
source GRB 980425 with a low redshift of z = 0.0090. This
redshift is small enough so much that, one can easily ap-
ply the usual Hubble law* to determine the distance to this

*On 26 October 2018, through an electronic vote conducted among all
members of the International Astronomical Union (IAU), the resolution to
recommend renaming the Hubble law as the Hubble-Lemaı̂tre law was ac-
cepted. This resolution was proposed in order to pay tribute to both —
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Table 1: Result Table. In column 2 the number (1) is the internal shock and (2) is the external shock

Events Shocks Slopes for Slope y-Intercept R2

Shocks ∆S (tc)
(S 1, S 2) (S 2 − S 1) (tc1, tc2)

(GHz × Days) (GHz × Days) (Days)

GRB 030329 (1) 105.90 ± 0.60 15.00 ± 2.00 +0.70 ± 0.20 0.9997
(2) 120.80 ± 2.00 +5.00 ± 0.20 0.9997

GRB 980425 (1) 71.00 ± 4.00 4.00 ± 9.00 −9.00 ± 2.00 0.9975
(2) 75.00 ± 8.00 −1.00 ± 2.00 0.9884

GRB 000418 (1) 102.00 ± 7.00 1.00 ± 7.00 −4.00 ± 0.00 1.0000
(2) 102.00 ± 0.00 +0.30 ± 0.70 0.9949

GRB 021004 (1) 150.00 ± 20.00 10.00 ± 20.00 −0.30 ± 2.00 0.9889
(2) 154.00 ± 0.00 +7.00 ± 0.00 1.0000

Table 2: Summary Table. Columns (1)-(4) lists (1) Source name, (2) Cosmological redshift of the host galaxies [44–48], (3) Distance to
the GRB as obtained from Wright’s cosmological calculator (4) the Spatial Size of the GRB shocks. The last row of the table presents the
error-weighted average of the frequency equivalence of the conductance of the ISM, which we find to be ν∗ = 1.507 ± 0.009 Hz.

Source Host Galaxy
Redshift

Distance (DL)
(Mpc)

Spatial size (∆D)
(Mpc)

GRB 030329 0.1683 ± 0.0001 838.9000 8.0000 ± 1.0000
GRB 980425 0.0087 ± 0.0000 39.0000 2.0000 ± 5.0000
GRB 000418 1.1181 ± 0.0001 7804.0000 1.0000 ± 4.0000
GRB 021004 2.3304 ± 0.0005 19188.0000 13.0000 ± 3.0000

source without the need e.g. for Wright’s [14] online cos-
mology calculator. If we can have confidence in the dis-
tance to this GRB as determined by Hubble’s law, it means
we can safely estimate the the ISM conductance σ. Tak-
ing H0 = 67.4 km × s−1 × Mpc−1 [57], we obtain that the
source GRB 980425 is at a distance of approximately, D =
40 Mpc. Given that for this GRB, we haveDν∗/c0 = (6.00±
2.00) × 1015, it follows from all this — that, we will have that
σ = (1.0800 ± 0.0400) × 10−11Ω−1 × m−1. If what we have
obtained is to be taken seriously, not only are these results
consistent, but they also show a great possibility of query-
ing the standard distance method adopted over the years for
GRBs using redshift and cosmological methods.

8 General Discussion

The results we have obtained so far not only justify the au-
thenticity of our model but also support the fireball model

Georges Henri Joseph Édouard Lemaı̂tre (1894–1966), and, Edwin Powell
Hubble (1889–1953), for their fundamental contributions to the development
of the modern expanding cosmology model.

for the internal and external shock mechanism. Similar work
has been done to understudy the mechanism of the internal
and external shocks e.g. [33, 58–63]. One such major work
by [64] delves into the width of γ-ray burst spectra as a mea-
sure to understand the emission processes in highly relativis-
tic jets. Although the study highlights the differences in spec-
tra widths, one can infer from this that such width may be
a result of the large distances travelled by the photons indi-
cating a large fraction across the jets. Similarly, [58] in a
recent study investigated the long-term evolution of relativis-
tic collisionless shocks in electron-positron plasma using 2D
particle-in-cell simulations. Their results reveal the gener-
ation of intermittent magnetic structures by the shock, with
magnetic coherence scales increasing over time as the pho-
tons travel along the jet cone. Their findings further sug-
gest implications for γ-ray burst afterglow models, particu-
larly in understanding the interplay between internal prompt
emission and external shock mechanisms that power the af-
terglows in these astrophysical phenomena. Our findings and
results also underscores the ongoing debate surrounding the
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Fig. 5: Graph for Events GRB 030329 (a, b, c, d, e, f , l,m, n, o) and
(g, h, i, j). The BLF yields slopes of S1 = (105.90 ± 0.60) x +
(0.70 ± 0.20) @ R2 = 9.9997 and S2 = (120.80 ± 2.00) x + (5.00 ±
0.20) @ R2 = 0.9997.

internal and external shock mechanisms responsible for GRB
emission which we believe is a step forward in the right di-
rection.

For the internal shocks, one approach is to consider the
variability timescale of the burst, which is related to the spa-
tial size of the emitting region. On the other hand, the exter-
nal shocks, are formed when the GRB outflow interacts with
the surrounding medium, leading to a slower, and more pro-
longed emission phase.

This slowing down of the photons we believe is due to
the vast difference between the internal and external shock
which our model is accounting for. [65] has already shown
that the radius of the external shocks can be estimated based
on the deceleration timescale, which depends on the density
of the surrounding medium. His findings agree with our rar-
efied plasma model as the interactions of the photons and the
plasma medium through which these photons travel can sig-
nificantly affect their propagation.

Additionally, as far back as the mid and late 1990’s (see
e.g. [21, 66]), it has been shown that the “fireball model” of-
ten used in GRB studies suggests that the internal shocks oc-
cur within the relativistic outflow produced during the GRB
event. [67] further highlighted the transition from a strati-
fied stellar wind to a homogeneous interstellar medium (ISM)
and concluded that favourable parameters could lead to the
detection of GRBs at hundreds of GeVs, emphasizing the
importance of considering both internal and external shock
mechanisms in understanding GRB emission dynamics. In
both cases (internal and external shock mechanisms), detailed
modelling and analysis of observational data, such as light
curves and spectra, are necessary to constrain the parameters
and obtain accurate estimates of the shock radii and possibly

Fig. 6: Graph for Events GRB 980425 (a, c, d) and (b, e, f ). The
BLF yields slopes of S1 = (71.00 ± 4.00) x + (9.00 ± 2.00) @ R2 =

0.9975 and S2 = (75.00 ± 8.00) x + (1.00 ± 2.00) @ R2 = 0.9884.

the spatial sizes.
This is the next phase of this work as we work to gather

more data to carry out further analysis. What our model
presents so far is in support of the fireball model but on a
much larger scale. It is our hope that as we fine-tune this
model and incorporate more data in subsequent work, we can
be able to come close to what has been established and pos-
sibly improve on the existing knowledge of these extreme as-
trophysical phenomena.

It is paramount we bring this to the reader for better clar-
ity that the spatial size of the internal and external shocks
plays a significant role in determining how the photons and
plasma interact and propagate through the ISM. Now, with
regard to the interaction mechanism between the Photon and
the plasma in the present model, one will rightly ask: Since
the Photon and the plasma are here interacting, what is dif-
ferent between this proposed interaction mechanism and the
Plasma Effect? To that, we have the following to say. The
Compton wavelength of Photon — or more so, its radius —
is much smaller than the wavelength of radio waves. From
an intuitive physical standpoint, it is possible to imagine an
Electron being engulfed by the Photon in such a manner that
the Electron can be pictured to be moving inside the E⃗ and
B⃗-fields of the Photon. Succinctly stated, the Electron is ab-
sorbed by the Photon in much the same manner as the Photon
is absorbed by the Electron in such phenomenon as the Photo-
electric effect [68], i.e., this simple but elaborate explana-
tion will lead to our next instalment “can a photon absorb an
electron”.

It is our hope that our FSDL time delay model if properly
fine-tuned with the right dataset will demystify the interaction
mechanism between the photons and the plasma as they travel
via the ISM.
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Table 3: Combined Data Table [12]. Columns (1)-(8) list the (1) Initial/low frequency of the burst, (2) Final/high frequency of the burst
(3) Initial time of the burst (4) Final time of the burst (5) Difference in the frequency (6) Values obtain from the two-fold correction (7)
Relative distance obtained from the slopes of the four GRBs (8) Final values obtained from the relative distance correction

.

GRB Event Label
ν1

(GHz)
ν2

(GHz)
t1

(Days)
t2

(Days)
∆ν−1

(GHz−1)
∆tc

(Days)
Drel

∆tc/Drel

(Days)

GRB030329a 15.00 22.50 8.40 10.90 0.022 2.56 1.7360 ± 0.0030 2.00 ± 0.10
GRB030329b 22.50 43.00 5.80 8.40 0.021 2.64 1.7360 ± 0.0030 2.00 ± 0.20
GRB030329c 15.00 43.00 5.80 10.90 0.043 5.14 1.7360 ± 0.0030 3.00 ± 0.30
GRB030329d 8.46 15.00 10.90 17.30 0.052 6.44 1.7360 ± 0.0030 4.00 ± 0.40
GRB030329e 8.46 22.50 8.40 17.30 0.074 8.94 1.7360 ± 0.0030 5.00 ± 0.50
GRB030329f 8.46 43.00 5.80 17.30 0.095 11.54 1.7360 ± 0.0030 7.00 ± 0.70
GRB030329g 4.86 8.46 17.30 32.90 0.088 10.49 1.7360 ± 0.0030 6.00 ± 0.60
GRB030329h 4.86 15.00 10.90 32.90 0.139 16.89 1.7360 ± 0.0030 10.00 ± 1.00
GRB030329i 4.86 22.50 8.40 32.90 0.161 19.39 1.7360 ± 0.0030 11.00 ± 1.00
GRB030329j 4.86 43.00 5.80 32.90 0.183 21.99 1.7360 ± 0.0030 13.00 ± 1.00
GRB030329k 1.43 4.86 32.90 78.60 0.494 59.65 1.7360 ± 0.0030 34.00 ± 3.00
GRB030329l 1.43 8.46 17.30 78.60 0.581 70.15 1.7360 ± 0.0030 40.00 ± 4.00
GRB030329m 1.43 15.00 10.90 78.60 0.633 76.55 1.7360 ± 0.0030 44.00 ± 4.00
GRB030329n 1.43 22.50 8.40 78.60 0.655 79.05 1.7360 ± 0.0030 46.00 ± 5.00
GRB030329o 1.43 43.00 5.80 78.60 0.676 81.65 1.7360 ± 0.0030 47.00 ± 5.00
GRB980425a 4.80 8.64 12.70 18.30 0.093 5.65 1.0000 ± 0.0000 6.00 ± 0.60
GRB980425c 2.50 4.80 18.30 32.70 0.192 14.45 1.0000 ± 0.0000 14.00 ± 1.00
GRB980425d 2.50 8.64 12.70 32.70 0.284 20.05 1.0000 ± 0.0000 20.00 ± 2.00
GRB980425b 1.38 2.50 32.70 47.10 0.325 21.60 1.0000 ± 0.0000 22.00 ± 2.00
GRB980425e 1.38 4.80 18.30 47.10 0.516 36.40 1.0000 ± 0.0000 36.00 ± 4.00
GRB980425f 1.38 8.64 12.70 47.10 0.609 42.00 1.0000 ± 0.0000 42.00 ± 4.00
GRB000418e 4.86 15.00 12.30 27.00 0.140 14.36 1.4600 ± 0.0100 10.00 ± 1.00
GRB000418b 8.46 15.00 12.30 18.10 0.050 5.46 1.4600 ± 0.0100 4.00 ± 0.40
GRB000418c 4.86 8.46 18.10 27.00 0.090 8.56 1.4600 ± 0.0100 6.00 ± 0.60
GRB000418d 4.86 22.50 14.60 27.00 0.160 16.37 1.4600 ± 0.0100 11.00 ± 1.00
GRB000418a 8.46 22.50 14.60 18.10 0.070 7.47 1.4600 ± 0.0100 5.00 ± 0.50
GRB021004a 8.46 22.50 8.70 18.70 0.074 10.2 2.1500 ± 0.0300 5.00 ± 0.50
GRB021004b 4.86 8.46 18.70 32.20 0.088 13.7 2.1500 ± 0.0300 6.00 ± 0.60
GRB021004d 4.86 22.50 8.70 32.20 0.161 23.7 2.1500 ± 0.0300 11.00 ± 1.00
GRB021004c 8.46 15.00 4.10 18.70 0.052 7.89 2.1500 ± 0.0300 4.00 ± 0.40
GRB021004e 4.86 15.00 4.10 32.20 0.139 21.39 2.1500 ± 0.0300 10.00 ± 1.00

9 Conclusion

We have used regression analysis to establish a time correc-
tion mechanism for four GRBs (030329. 980425, 000418,
and 021004) employed from [12] on the basis of a frequency-
dependent speed of light model (FDSL model) which we de-
veloped entirely from Maxwell’s electromagnetic equations
in conjunction with plasma and dispersion effects. In line
with this model, on the assumption that these GRBs all leave
the source at the same time, we have shown in our previous
paper [8] that these four GRBs gave good positive correla-
tions and hence reliable for testing our model. In this pa-
per, however, on the assumption that each individual photon
leaves the GRB source at different times, we modify the pre-
vious model to obtain a more fitting model. Additionally, the

correction led to the unification of the four GRB into a ho-
mogenous albeit perfect correlation which led to the determi-
nation of the frequency equivalent of the ISM (v∗) and hence,
the spatial sizes of the internal and external shocks.

If the results provided herein are deemed acceptable or
reasonable — one can on this basis — make the following
tentative conclusion regarding the implication of the spatial
sizes of GRB internal and external shocks using our FSDL
time delay model:

1. The relationship we have established from our analysis for
the four GRBs, clearly supports two GRB models “the frame-
work of the fireball model” and “the multiple shock wave
model” of GRBs production and their afterglow.

2. From our regression analysis that here, we can infer that not
only is our model reliable and consistent but was used to
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Fig. 7: Graph for Events GRB 000418 (b, c, e) and (a, d). The BLF
yields slopes of S1 = (102.00±7.00) x+(4.00±0.00) @ R2 = 1.0000
and S2 = (102.00 ± 0.00) x − (0.30 ± 0.70) @ R2 = 0.9949.

estimate the spatial sizes between the internal and external
shocks.

3. From our FSDL time delay models and the fitting procedures
we employ, we are able to say unequivocally that the internal
shocks arise from variations in the relativistic outflows within
the jet itself, which offer valuable insights into the accelera-
tion mechanisms and particle interactions occurring within
the jet. On the other hand, the external shocks, result from
the interaction between the jet and its surrounding medium,
which shed light on the environmental conditions and the im-
pact of the jet on its surroundings. This we are able to deduce
due to the nature of the differential time in the arrival time
of the photons and the vast distances obtained in the spatial
sizes between the internal and external shocks.

Furthermore, the determination of the spatial size of γ-ray
jets for both internal and external shocks is a crucial endeav-
our in understanding the dynamics and emission processes
of astrophysical jets. We believe that through meticulous
observations, corroboration of more data sets and sophisti-
cated modelling techniques for e.g. intense spectral analy-
sis of the radiations from these shocks, 3D modelling of the
particle dynamics emanating from the shocks, and magneto-
hydrodynamic (MHD) effects, we can be able to unravel the
complexities of these high-energetic phenomena.
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