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All rotationally supported galaxies such as Andromeda and the Milky Way obey the
baryonic Tully-Fisher relation (BTFR) of V4

f ∝ Mb for rotational velocity V f and de-
tected amount of baryonic mass Mb, as do all the pressure supported dwarf galaxies.
However, the ultrafaint dwarf galaxies in the Local Group do not obey BTFR. Including
dark matter does not resolve the issue. We investigate whether Quantum Celestial Me-
chanics (QCM) with its detailed derivation of the BTFR offers a reasonable resolution.

1 Introduction

At least three general types of galaxies are known: rotation-
ally supported galaxies such as Andromeda and the Milky
Way, pressure supported dwarf galaxies, and ultrafaint dwarf
galaxies. The rotationally supported galaxies obey the origi-
nal 1977 Tully-Fisher relation connecting their luminosity L
to their outer circular velocity V [1]

L = Vα , (1)

where α is a constant that is dependent upon the specific phys-
ical properties of each galaxy and the physics model.

When more data became available in the 1990s, the bary-
onic Tully-Fisher relation (BTFR) determined by MOdified
Newtonian Dynamics (MOND) revealed that the flat rotation
velocity V f of a rotationally supported galaxy such as An-
dromeda or the Milky Way depends upon its baryonic mass
Mb exactly to the 4th power, i.e. V4

f ∝ Mb. This relation-
ship even holds true for dwarf galaxies that are pressure sup-
ported [2]. Or, as it is more commonly expressed [3],

V f ∝ M
1
4
b . (2)

However, for the numerous ultrafaint dwarf galaxies of
low mass with no gas component that surround the Milky
Way and are gravitationally bound collections of stars only,
the BTFR appears to fail [4]. The rotation velocities are too
great for the amount of detected baryonic mass. Hence the
possibilty exists for a significant amount of dark matter in ad-
dition to baryonic mass in their location.

In Fig. 1 are shown some of the many rotationally sup-
ported galaxies (circles), some of the numerous pressure sup-
ported galaxies including some dwarf galaxies (diamonds),
and a representative sample of the ultrafaint dwarf galaxies
(squares) with their very large uncertainties because of diffi-
culties in their measurement [5]. These ultrafaints are usually
too faint to be detected beyond the nearby Universe, so the
sample is largely limited to the Local Group.

The straight line in Fig. 1 is the BTFR fit of the rotation-
ally supported galaxies and the pressure supported galaxies,
both of which contain a significant amount of baryonic gas

Fig. 1: log V f vs. log Mb for rotationally supported galaxies (cir-
cles), pressure supported dwarf galaxies (diamonds), and ultrafaint
dwarf galaxies (squares) in relation to the MOND predicted BTFR
(straight line) at exactly V4

f vs. Mb, plus an example of a ΛCDM
prediction (dashed line). The top two circles are Andromeda and the
Milky Way. Uncertainties not shown are approximately symbol size.

among the stars, as determined [2,6] by MOdified Newtonian
Dynamics (MOND) to be

V f =

(
0.379 km s−1 M−

1
4

S un

)
M

1
4
b . (3)

But the ultrafaint dwarf galaxies (black squares) do not
obey this BTFR relationship. Both MOND researchers and
traditional lambda cold dark matter (ΛCDM) research groups
have not been able to resolve this issue except by proposing
that perhaps the Milky Way itself is possibly interfering with
the stability of the ultrafaint systems., i.e. tidal disruptions
from external gravitational field effects could be influencing
a dispersion of the stars.

Moreover, the ΛCDM approach also has the fundamen-
tal problem that one cannot predict the 4th power relationship
between the V f and the baryonic mass Mb because the in-
cluded dark matter in their galaxy models suggests the power
relationship to be smaller than 4 as shown by the dashed line
in Fig. 1.
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However, the BTFR derived in quantum celestial mechan-
ics (QCM) [7] offers a possible solution that explicitly in-
cludes more fundamental physical properties of the ultrafaint
dwarf galaxies, including their baryon densities, radial sizes,
and total angular momentum.

The successful application of QCM to galaxy clusters [8]
explained how the dynamic baryon mass of a galaxy clus-
ter, without requiring any dark matter, depends upon both the
total angular momentum and the observed baryonic mass val-
ues. Therefore, we investigate the QCM expression for the
BTFR to better understand the ultrafaint dwarf galaxies.

2 QCM derivation of the BTFR

QCM is derived from the general relativistic Hamilton-Jacobi
equation [7]

gαβ
∂S
∂xα

∂S
∂xβ
− µ2c2 = 0 (4)

via the transformation that defines the wave function

Ψ = eS ′/H (5)

to obtain a scalar gravitational wave equation (GWE)

gαβ
∂2Ψ

∂xα∂xβ
+
Ψ

H2 = 0 . (6)

In these equations, S ′ is the classical action S divided by µc
for a test particle of mass µ, with c being light speed in vac-
uum.

The characteristic distance H for a gravitationally bound
system is defined to be

H =
LT

MT c
(7)

where LT is the total angular momentum for the system of
total mass MT .

In a gravitationally bound system in coordinates (t, r, θ, ϕ)
obeying the Schwarzschild metric, as expected for planetary
systems and galaxies, from the angular coordinates one de-
rives the angular momentum per unit mass quantization con-
dition

L
µ
= m

LT

MT
(8)

for a mass µ in orbit with angular momentum L and for m
an integer. All confirmed multi-planetary systems obey this
relationship [9].

From the radial equation one obtains the energy per unit
mass quantization

E = −µc2 r2
s

8n2H2 , (9)

with rs the Schwarzschild radius and integer n.

Application of the virial theorem for gravitation leads di-
rectly to the tangential rotation velocity for the test particle

v =
rsc

2nH
(10)

from which the QCM predicted BTFR can be derived.
If we assume that the galaxy is approximately a disc with

a total baryonic mass Mb = πhR2ρ0 for average density ρ0,
thickness h, and radius R, then its total angular momentum
LT = αMbR2ω with moment of inertia factor α and rota-
tional velocity ω. With gravitational constant G, this BTFR
becomes

V f = M
1
4
b

√
G
nα

√
πhρ0 . (11)

As one example, suppose h is 8 times greater than esti-
mated, and the α and ρ0 parameters can each vary by about
a factor of 2. By combining them optimally, QCM predicts
a maximum gain of about

√
8 times the previous value of V f

for the same baryonic mass value.

3 Conclusion

QCM predicts a BTFR relation depending upon the average
density, thickness, and total angular momentum of a galaxy.
Whether these three parameters in the BTFR expression de-
rived by QCM will resolve the issue of the ultrafaint dwarf
galaxy positions on the V4

f ∝ Mb graph remains to be deter-
mined when better data becomes available.
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