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Here we explain Riemannian conditions — the particular conditions, under which the
space (space-time) metric under consideration satisfies Einstein’s field equations, and
therefore becomes Riemannian. We show that the Riemannian conditions depend only
on the presence of a gravitational field, rotation of the space, its deformation and curva-
ture, and not the particular formulae for these factors. Then, we deduce the Riemannian
conditions for the classical space metrics most used in General Relativity.

1 Problem statement

Many different space-time metrics can be devised by the hu-
man mind. But not all of these metrics can be used in the Gen-
eral Theory of Relativity, because not all of these metrics are
Riemannian. Numerous experiments confirming the effects
of General Relativity commencing in 1919 (Eddington) had
proven that the four-dimensional pseudo-Riemannian space
is the basic space-time of the Universe. Therefore, today we
have every reason to assert that the geometry of the basic
space-time of the Universe is Riemannian. The said means
that any space (space-time) metric used in General Relativity
must belong to the family of Riemannian spaces.

There are well-known formal conditions under which a
space is Riemannian:

• the metric of this space must have the Riemann square
form ds2 = gαβ dxαdxβ that is determined by the Rie-
mann fundamental metric tensor gαβ;
• the metric must be invariant (ds2 = inv) everywhere in

the space;
• the metric must also satisfy Einstein’s field equations

Rαβ −
1
2
gαβR = −κTαβ + λgαβ , (1)

which are a form of the 2nd Bianchi identities satis-
fied in any Riemannian space, and are the relation con-
necting the Ricci curvature tensor Rαβ, the fundamental
metric tensor gαβ multiplied by the curvature scalar R,
and the energy-momentum tensor Tαβ of a distributed
medium that fills the space, whereas the scalar λ de-
termines the density of the physical vacuum (which is
also known as the λ-field).

The third condition means the following. If we substitute
the components of the particular fundamental metric tensor
gαβ (taken from the formula of a particular space metric) into
the left-hand side of the field equations, and the components
of the energy-momentum tensor of the “space filler” into the
right-hand side of the equations, and then the left-hand side
of the field equations becomes the same as the right-hand side

(i.e., the field equations vanish), then this particular metric
satisfies the field equations, and therefore the space described
by this particular metric is Riemannian.

For a minor number of space metrics, the field equations
are satisfied if the given space is empty (the right-hand side
of the equations is zero). In this case, the terms on the left-
hand side of the equations vanish each other, and therefore
the space is Riemannian without distributed matter or any ad-
ditional conditions.

However, for most other space metrics the left-hand side
cannot be reduced to zero and must therefore be equalized
with the right-hand side (distributed matter). i.e., the space
metric satisfies the field equations only in the presence of dis-
tributed matter, say, a dust, a gas, an electromagnetic field
or something else. What kind of distributed matter fills the
space is determined by its specific energy-momentum tensor,
with which the right-hand side of the field equations equal-
izes the left-hand-side. But even in this case not many space
metrics are proven to be Riemannian and therefore are used
in General Relativity.

To correct this situation and increase the number of space
metrics used by relativists, the author introduced Rieman-
nian conditions in 2022 [1]. The principle of the Rieman-
nian conditions was then applied in [2], where the author de-
duced and proved the space metric of a rotating massive body
in emptiness (the rotating Schwarzschild mass-point metric),
and in [3], where the author first obtained mathematically cor-
rect solutions for rotating black holes based on this metric.

The mathematical essence of the Riemannian conditions
is simple. Let us have a Riemannian-like space metric that
does not satisfy the field equations both in emptiness (i.e.,
with the zero right-hand side of the equations) and in the pres-
ence of distributed matter (i.e., with the energy-momentum of
a distributed medium on the right-hand side of the equations).
Then, if the metric satisfies the first two Riemann require-
ments (see above), i.e., it is a Riemannian-like metric, we can
always find particular mathematical conditions under which
the left-hand side and the right-hand side of the field equa-
tions equalize each other. As a result, we will have a space
metric which in general has not been proven to be Rieman-
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nian, but in the particular case under the specific Riemannian
conditions the metric has been proven to be Riemannian, and
therefore can be used in General Relativity.

But, despite the obvious advantage of the Riemannian
conditions, there is a “minor problem”. They are calculated
via the field equations, and the equations contain the curva-
ture tensor, which therefore must necessarily be calculated for
any space metric under consideration. Calculating the space
curvature is a non-trivial task for even a well skilled relativist.
This takes weeks of hard work, taking into account four or
five necessary re-calculations to be sure in the obtained re-
sult, which may not match due to calculation errors, which
needs new re-calculations, etc.

However, when the problem of calculating the Rieman-
nian conditions was considered in more detail, the author dis-
covered an interesting circumstance:

The sense of the Riemannian conditions is seen bet-
ter, if the properties specific to the space under con-
sideration (they are on the left-hand side of the field
equations) as well as the components of the energy-
momentum tensor of the distributed matter on the right-
hand side (if the space is non-empty) are not expressed
in the form, specific to a particular space metric, but are
presented in their general form without detail.

Therefore, before doing anything that requires introduc-
ing a new space metric, it makes sense to find the Riemannian
conditions for the classical metrics introduced and proven
from the very beginning. This is what will be now done in
this article.

As in all previous studies by the author, here we use the
mathematical apparatus of chronometric invariants, which
was introduced in 1944 by Abraham Zelmanov and is also
known as the chronometrically invariant formalism. Chrono-
metrically invariant quantities (or chronometric invariants, in
short) are the projections of four-dimensional general covari-
ant quantities onto the three-dimensional spatial section be-
longing to a real observer (his observable three-dimensional
space) and onto his own time line. The projection process fol-
lows the geometric structure of the space-time itself thanks to
special projection operators specific to the four-dimensional
pseudo-Riemannian space. Thus, the resulting time and spa-
tial projections are invariant throughout the entire spatial sec-
tion belonging to the observer (his observable space), and also
depend on its geometric and physical properties. Therefore,
chronometric invariants are physically observable quantities
in the space-time of General Relativity.

To avoid overloading this article, the author refers anyone
curious about the details of this mathematical formalism to
Zelmanov’s original publications [4–6] or to the most com-
prehensive (to date) compendium of it, collected and pub-
lished in 2023 [7].

We need here only the chr.inv.-projections of the general
covariant field equations (1). They are derived as for any sym-

metric 2nd-rank tensor (since the field equations are 2nd-rank
tensor equations) and represent: the projection onto the ob-
server’s time line (the first, scalar equation), the projection
onto his space (the third, tensor equation), and the so-called
“mixed space-time projection” (the second, vector equation).
They were deduced by Zelmanov in 1941–1944, and were
called by him the chr.inv.-Einstein equations

∗∂D
∂t
+ Djl D jl + A jl Alj + ∗∇j F j −

1
c2 Fj F j =

= −
κ

2
(
ρc2 + U

)
+ λc2

∗∇j
(
hijD − Dij − Aij) + 2

c2 Fj Aij = κ J i

∗∂Dik

∂t
−

(
Dij + Aij

)(
D j

k + A· jk ·
)
+ DDik + 3Aij A· jk · −

−
1
c2 Fi Fk +

1
2
(∗∇i Fk +

∗∇k Fi
)
− c2Cik =

=
κ

2
(
ρc2hik + 2Uik − Uhik

)
+ λc2hik



. (2)

They connect physically observable properties of the ob-
server’s reference space (presented on the left-hand side) with
physically observable properties of a distributed matter that
fills the space (the right-hand side).

The physically observable properties of the observer’s ref-
erence space are expressed on the left-hand side of the equa-
tions with the four chr.inv.-quantities. The chr.inv.-vector of
the acting gravitational inertial force Fi is created by the gra-
dient of the gravitational potential (i.e., the gradient of g00)
and the non-stationarity of the linear velocity with which the
space rotates (determined by g0i), i.e., the non-stationarity of
g0i. The chr.inv.-antisymmetric tensor Aik of the angular ve-
locity of the space (if it rotates) is the vortex of the linear rota-
tional velocities of the space (i.e., the vortex of g0i) with cor-
rection for the acting gravitational inertial force Fi. The chr.
inv.-tensor Dik of the deformation rates of the space (if it
deforms) is due to the non-stationarity of the chr.inv.-metric
tensor hik. In turn, hik is determined via gik with correction for
g0i and g00, and has all properties of the fundamental metric
tensor gαβ throughout the entire spatial section belonging to
the observer (his observable space). The chr.inv.-curvature
tensor Cik is a combination of the second and first chr.inv.-
spatial derivatives of the chr.inv.-metric tensor hik. The sign
∗∂ denotes chr.inv.-differentiation, ∗∇i is the sign of chr.inv.-
derivative (which is similar to general covariant derivative,
but is based on chr.inv.-quantities), and ∗∇i −

1
c2 Fi =

∗∇̃i is chr.
inv.-physical derivative, which takes into account the fact that
the flow of time is different on the opposite walls of an el-
ementary volume; see the compendium of chronometric in-
variants [7, p.18–19] for detail.

On the right-hand side of the chr.inv.-Einstein equations,
you can find the chr.inv.-projections of the energy-momentum
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tensor Tαβ of a distributed medium that fills the space

ρ =
T00

g00
, J i =

c T i
0

√
g00
, U ik = c2T ik, (3)

which are the chr.inv.-scalar ρ (the phys.observ.-mass den-
sity of the medium), the chr.inv.-vector J i of the phys.observ.-
momentum density of the medium, and the chr.inv.-tensor U ik

(the phys.observ.-stress tensor of the medium). You can also
find there the scalar term λ, which determines the density of
the physical vacuum (λ-field).

Based on the definitions of Fi, Aik, and Dik via the respec-
tive components of the fundamental metric tensor gαβ, we can
obtain the Riemannian conditions for any space metric.

Namely, — just looking at the formula for any metric, we
see whether g00 , 1, g0i , 0, and gik = f (t) exist in this par-
ticular space, and thus which of the factors Fi, Aik, and Dik

are non-zero in it (the curvature Cik remains non-zero in any
case, since it is based on the spatial derivatives of the chr.inv.-
metric tensor hik). Then, removing the zero factors on the
left-hand side of the chr.inv.-Einstein equations (2), we im-
mediately obtain the Riemannian conditions for this space.

2 The Riemannian conditions for spaces containing only
a gravitational field

2.1 Schwarzschild’s mass-point metric. This metric de-
scribes an empty spherical space (i.e., there is no distributed
matter), wherein a gravitational field and curvature are cre-
ated by a spherical mass approximated by a mass-point. The
mass-point metric has the form

ds2 =

(
1 −

rg
r

)
c2dt2 −

dr2

1 − rg
r

− r2
(
dθ2 + sin2θdφ2

)
, (4)

where r is the distance from the mass M, rg = 2GM
c2 is the grav-

itational radius of the mass, G is the constant of gravitation,
and x1 = r, x2 = φ, x3 = θ are spherical coordinates.

Just looking at this formula, we see that g00 , 1, g0i = 0
and gik , f (t), and therefore Fi , 0, but Aik = 0 and Dik = 0
in this space. Therefore, the right-hand side of the chr.inv.-
Einstein equations (2) is zero for the mass-point metric, and
the Riemannian conditions have the form

∗∇j F j =
1
c2 Fj F j

∗∇i Fk −
1
c2 Fi Fk = c2Cik , i = k

 , (5)

where 1
2
(
∗∇i Fk +

∗∇k Fi
)
− 1

c2 Fi Fk =
∗∇i Fk −

1
c2 Fi Fk as well as

for any spherically symmetric field, since it has just one non-
zero component Fi = F1. They mean the following:

The 1st Riemannian condition
In a space of the mass-point metric, the observable field
of the acting gravitational force Fi is inhomogeneous

(i.e., ∗∇j F j , 0) due to only the spherically symmetric
structure of this force field.

The 2nd Riemannian condition
The observable curvature Cik of such a space is created
by the strength ∗∇i Fk of the gravitational force field,
minus a correction for the spherically symmetric struc-
ture of this force field.

2.2 De Sitter’s space metric. It describes a spherical space
that does not rotate or deform, does not contain islands of sub-
stance, but is filled with a spherical homogeneous distribution
of the physical vacuum (λ-field), which creates a gravitational
field and curvature. This metric has the form

ds2 =

(
1 −
λr2

3

)
c2dt2 −

dr2

1 − λ r2

3

− r2
(
dθ2 + sin2θ dφ2

)
. (6)

In this metric, g00 , 1, g0i = 0, gik , f (t), and therefore
Fi , 0, Aik = 0, Dik = 0. The right-hand side of the chr.inv.-
Einstein equations (2) is non-zero (since λ, 0), and therefore
the Riemannian conditions have the form

∗∇j F j =
1
c2 Fj F j + λc2

∗∇i Fk −
1
c2 Fi Fk − λc2hik = c2Cik

 . (7)

They have the following physical sense:

The 1st Riemannian condition
In a de Sitter space, the observable gravitational force
field is inhomogeneous (∗∇j F j , 0) due to the spheri-
cally symmetric structure of this force field, with a con-
stant correction for the density of the physical vacuum
that fills the space (since λ = const).

The 2nd Riemannian condition
In a de Sitter space, the observable curvature Cik is cre-
ated by the strength ∗∇i Fk of the gravitational force
field, minus corrections determined by the spherically
symmetric structure of this force field and by the den-
sity of the physical vacuum (λ-field).

2.3 Schwazschild’s metric of a liquid sphere. It describes
the space inside a sphere filled with ideal liquid

ds2 =
1
4

3
√

1 −
κρa2

3
−

√
1 −
κρr2

3

2

c2dt2 −

−
dr2

1 − κρr2

3

− r2
(
dθ2 + sin2θdφ2

)
, (8)

where a is the sphere’s radius, and ρ = M
V
= 3M

4πa3 is the den-
sity of the liquid. According to this formula, g00 , 1, g0i = 0,
gik , f (t), and therefore Fi , 0, Aik = 0, Dik = 0.

Substituting the above into the chr.inv.-Einstein equations
(2), and since Uik = phik and U = 3p for any non-viscous med-
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ium possessing a pressure [10], including ideal liquid, we ob-
tain the Riemannian conditions for the above metric

∗∇j F j =
1
c2 Fj F j −

κ

2
(
ρc2 + 3p

)
∗∇i Fk −

1
c2 Fi Fk −

κ

2
(
ρc2 − p

)
hik = c2Cik

 , (9)

the physical sense of which means the following:

The 1st Riemannian condition
In the space inside a sphere filled with ideal liquid, the
observable gravitational force field is inhomogeneous
(∗∇j F j , 0) due to the spherically symmetric structure
of this force field, with corrections for the density ρ and
pressure p of the liquid.

The 2nd Riemannian condition
The observable curvature Cik of the space inside a liq-
uid sphere is created by the strength ∗∇i Fk of the grav-
itational force field, minus a correction for the spheri-
cally symmetric structure of this force field, and with
corrections for the density ρ and pressure p of the liq-
uid that fills this space.

2.4 Reissner-Nordström’s metric. There is also another
type of spherical spaces having Fi , 0, but Aik = 0 and Dik = 0.
It is described by Reissner-Nordström’s space metric

ds2 =

1 − rg
r
+

r2
q

r2

 c2dt2 −

−
dr2

1 − rg
r +

r2
q

r2

− r2
(
dθ2 + sin2θdφ2

)
, (10)

which is an extension of the mass-point metric for the case,
where the spherical mass is electrically charged. Therefore,
such a space is filled with a spherically symmetric electro-
static field. In this metric, q is the electric charge of this point
mass, r2

q =
Gq2

4πε0c4 , and 1
4πε0

is Coulomb’s force constant.
Since Fi , 0 and taking into account that, as is known, the

trace of the energy-momentum tensor for any electromagnetic
field is always U = ϱc2, we obtain the Riemannian conditions
for Reissner-Nordström’s space metric

∗∇j F j =
1
c2 Fj F j − κϱc2

∗∇i Fk −
1
c2 Fi Fk − κUik = c2Cik

 , (11)

which mean the following:

The 1st Riemannian condition
In the space of an electrically charged point mass, the
observable gravitational force field is inhomogeneous
(∗∇j F j , 0) due to the spherically symmetric structure
of this force field, minus a correction determined by the
density ϱ of the electrostatic field.

The 2nd Riemannian condition
The observable curvature Cik of the space is created by
the strength ∗∇i Fk of the gravitational force field, mi-
nus corrections for the spherically symmetric structure
of this force field and for the electric field stress Uik.

3 The Riemannian conditions for spaces free of gravita-
tional field, rotation and deformation

A typical example of such spaces is a finite spherical space of
Einstein’s metric

ds2 = c2dt2 −
dr2

1 − λr2
− r2

(
dθ2 + sin2θdφ2

)
, (12)

where obviously g00 = 1, g0i = 0 and gik , f (t) (which means
Fi = 0, Aik = 0 and Dik = 0), and the observable curvature is
created by a homogeneous distribution of ideal liquid and the
physical vacuum (λ-field) that together fill the space.

By substituting Fi = 0, Aik = 0 and Dik = 0 into the chr.inv.-
Einstein equations (2), and since Uik = phik and U = 3p for
ideal liquid, we obtain the Riemannian conditions for Ein-
stein’s space metric

κ

2
(
ρc2 + 3p

)
= λc2

κ

2
(
p − ρc2) hik − λc2hik = c2Cik

 (13)

These conditions mean the following:

The 1st Riemannian condition
In a space of Einstein’s metric, the density ρ and pres-
sure p in the ideal liquid that fills the space are balanced
by the density of the physical vacuum, which also fills
it (since λ , 0).

The 2nd Riemannian condition
In a space of Einstein’s metric, the observable curva-
ture Cik is created by the pressure p in the ideal liquid
that fills the space, minus corrections determined by the
density ρ of the liquid and the density of the physical
vacuum (since λ , 0).

4 The Riemannian conditions for rotating spaces

4.1 Gödel’s space metric. It was introduced in the form

ds2 = a2
[
(dx̃0)2 + 2e x̃1

dx̃0dx̃2 −

− (dx̃1)2 +
e2 x̃1

2
(dx̃2)2 − (dx̃3)2

]
, (14)

expressed with the special dimensionless Cartesian coordina-
tes dx̃0 = 1

a dx0, dx̃1 = 1
a dx1, dx̃2 = 1

a dx2, dx̃3 = 1
a dx3, which

contain a new world-constant a = const > 0 [cm] that Gödel
introduced as

a2 =
c2

8πGρ
= −

1
2λ
. (15)
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When transformed to the ordinary Cartesian coordinates
dx0 = cdt, dx1, dx2, dx3, Gödel’s metric takes the form

ds2 = c2dt2 + 2e
x1
a cdtdx2 −

− (dx1)2 +
e

2 x1
a

2
(dx2)2 − (dx3)2, (16)

which is more suitable for analysis. As is seen from the above
metric, a space of Gödel’s metric does not contain a grav-
itational field (g00 = 1, Fi = 0), does not deform (gik , f (t),
Dik = 0), but rotates (g02 , 0, Aik , 0) in such a way that its
time-like curves are self-closed.

Gödel spaces are filled with ideal dust (its density is ρ)
and the physical vacuum (λ-field), with which Einstein’s field
equations are satisfied for this metric. By substituting Fi = 0,
Aik , 0 and Dik = 0 into the chr.inv.-Einstein equations (2), we
obtain the Riemannian conditions for Gödel’s space metric

A jl A jl =
κ

2
ρc2 − λc2

∗∇j Aij = 0

2Aij A· jk · −
κ

2
ρc2hik − λc2hik = c2Cik


, (17)

where we take into account that ideal dust is a pressureless
medium (p = 0), and its energy-momentum tensor has only
one non-zero physically observable component determining
the density ρ of this substance (i.e., J i = 0 and Uik = 0).

The obtained Riemannian conditions mean the following:

The 1st Riemannian condition
In a Gödel space, the value of its observable angular
rotation velocity Aik is determined by the density ρ of
the ideal dust that fills this space, minus a correction
for the density of the physical vacuum (since λ , 0).

The 2nd Riemannian condition
The observable rotation field of a Gödel space is homo-
geneous (∗∇j Aij = 0).

The 3rd Riemannian condition
The observable curvature Cik of a Gödel space is cre-
ated by its rotation field Aik, minus corrections deter-
mined by the density ρ of the dust and the density of
the physical vacuum (λ-field).

4.2 Other rotating spaces are also conceivable. Earlier,
the author introduced “rotating modifications” of the classical
space metrics: the simplest rotating space metric, the rotating
mass-point space metric, the rotating de Sitter space metric,
and the metric inside a rotating liquid sphere [1]. This list was
then expanded by the rotating Reissner-Nordström space met-
ric [3] and can now be added by the rotating Einstein space
metric. Together they form a new family of rotating space
metrics for use in General Relativity.

All these new space metrics were derived from the classi-

cal ones in the same way. Assume that the space of one of the
classical metrics rotates along the φ-axis (i.e., along the geo-
graphical longitudes) with the linear velocity v3=ωr2sin2θ,
where ω= const is the angular velocity of this rotation. Then,
according to the definition of vi [4–7],

v3 = ωr2sin2θ = −
cg03
√
g00
, g03 = −

ωr2sin2θ

c
√
g00 , (18)

and the metric of this space acquires a corresponding addi-
tional term determined by g03.

Note that, since the classical space metrics satisfy the
field equations, the space rotation field Aik introduced to the
left-hand side of the equations must be balanced by an elec-
tromagnetic field added to the right-hand side (because both
these fields have a similar structure). This circumstance was
not clearly explained in the previous articles [1–3], where
these new metrics were introduced.

Let us now obtain Riemannian conditions for each of the
rotating space metrics — specific physical conditions under
which these metrics satisfy Einstein’s field equations and can
therefore be used in General Relativity.
4.2.1 The simplest rotating space metric. It has the form

ds2 = c2dt2 − 2ωr2sin2θdtdφ −

− dr2 − r2
(
dθ2 + sin2θ dφ2

)
. (19)

This metric cannot be considered without distributed mat-
ter, otherwise the scalar chr.inv.-Einstein equation would be-
come nonsense A jl Alj = 0 (the space does not rotate). There-
fore, in [1] this space was considered filled with an electro-
magmetic field (since it can exist in the absence of its sources
such as electric charges or currents). In this case, U = ϱc2,
and the metric (19) satisfies the chr.inv.-Einstein equations
(2) under the Riemannian conditions

A jl A jl = κϱc2

∗∇j Aij = − κ J i

2Aij A· jk · − κUik = c2Cik


, (20)

which have the following physical sense:

The 1st Riemannian condition
In a space of the simplest rotating metric, which has no
masses, and is filled with only an electromagnetic field
without sources (i.e., without electric charges and cur-
rents), the value of its observable angular rotation ve-
locity Aik is determined by the density ϱ of the source-
free electromagnetic field (“space filler”).

The 2nd Riemannian condition
The observable field of rotations of a simplest rotating
space is inhomogeneous (∗∇j Aij , 0) due to an electro-
magnetic radiation presented in it (since J i , 0 for any
emitting medium, e.g., the electromagnetic field).

Rabounski D. Calculating Riemannian Conditions for the Space Metrics Used in General Relativity 117



Volume 22 (2026) PROGRESS IN PHYSICS Issue 2 (December)

The 3rd Riemannian condition
The observable curvature Cik of a simplest rotating
space is created by its rotation field Aik, minus a cor-
rection for the electromagnetic field stress Uik.

4.2.2 The rotating mass-point space metric. It has the fol-
lowing form

ds2 =

(
1 −

rg
r

)
c2dt2 − 2ωr2sin2θ

√
1 −

rg
r

dtdφ −

−
dr2

1 −
rg
r

− r2
(
dθ2 + sin2θ dφ2

)
, (21)

from which we immediately obtain the Riemannian condi-
tions, under which this metric satisfies the chr.inv.-Einstein
equations (2). They have the form

∗∇j F j =
1
c2 Fj F j + A jl A jl − κϱc2

∗∇j Aij =
2
c2 Fj Aij − κ J i

∗∇i Fk −
1
c2 Fi Fk + 2Aij A· jk · − κUik = c2Cik


. (22)

Here A jl A jl = κϱc2 in the 1st condition, because the terms
containing the gravitational force Fi in the 1st condition re-
mains the same as those in the non-rotating mass-point met-
ric, and therefore they satisfy themselves. But 2Aij A· jk · , κUik

in the 3rd condition, because the space curvature Cik depends
on the angular rotation velocity of the space. Therefore, when
we add the space rotation term 2Aij A· jk · to the left-hand side
of the 3rd field equation and the electromagnetic field stress
Uik to the right-hand side, the space rotation affects the space
curvature Cik (creating additional curvature, see the deriva-
tions in [1,2] for example). So the added Uik compensates not
only for the added space rotation term 2Aij A· jk ·, but also for the
extra curvature in Cik caused by the space rotation.

The obtained Riemannian conditions mean the following:

The 1st Riemannian condition
In the space of a rotating point mass, the observable
gravitational force field is inhomogeneous (∗∇j F j , 0)
due to the spherically symmetric structure of this force
field. And the value of the observable angular rotation
velocity Aik of this space is determined by the density
ϱ of the source-free electromagnetic field that fills it
(since A jl A jl = κϱc2).

The 2nd Riemannian condition
The observable rotation field of such a space is inho-
mogeneous (∗∇j Aij , 0) due to the spherically symmet-
ric structure of the gravitational force field Fi superim-
posed onto this rotation field Aik, and due to an electro-
magnetic radiation presented in this space (since J i , 0
for any emitting medium).

The 3rd Riemannian condition
The observable curvature Cik of such a space is cre-
ated by the combined effect of the strength ∗∇i Fk of the
gravitational force field and the rotation field Aik of this
space, minus corrections for the spherically symmetric
structure of the force field Fi and for the electromag-
netic field stress Uik.

4.2.3 The rotating de Sitter space metric. It has the form

ds2 =

(
1 −
λr2

3

)
c2dt2 − 2ωr2sin2θ

√
1 −
λr2

3
dtdφ −

−
dr2

1 − λ r2

3

− r2
(
dθ2 + sin2θ dφ2

)
, (23)

thus, the Riemannian conditions, under which this metric sat-
isfies the chr.inv.-Einstein equations (2), have the form

∗∇j F j =
1
c2 Fj F j + A jl A jl − κϱc2 + λc2

∗∇j Aij =
2
c2 Fj Aij − κ J i

∗∇i Fk −
1
c2 Fi Fk + 2Aij A· jk · −

− κUik − λc2hik = c2Cik


, (24)

where A jl A jl = κϱc2 in the 1st condition, because the terms
containing Fi and the λ-term in the 1st condition do not de-
pend on Aik, and therefore they satisfy themselves as in a non-
rotating de Sitter space. However 2Aij A· jk · , κUik in the 3rd
condition due to the reason explained above for the rotating
mass-point space metric.

They have the following physical sense:

The 1st Riemannian condition
In a rotating de Sitter space, the observable gravita-
tional force field is inhomogeneous (∗∇j F j , 0) due to
the spherically symmetric structure of this force field
with a constant correction for the density of the physi-
cal vacuum that fills the space (since λ = const). And,
since A jl A jl = κϱc2, the value of the observable angu-
lar rotation velocity Aik of this space is determined by
the density ϱ of the source-free electromagnetic field
that fills it.

The 2nd Riemannian condition
The observable rotation field of such a space is inho-
mogeneous (∗∇j Aij , 0) due to the spherically symmet-
ric structure of the gravitational force field Fi superim-
posed onto this rotation field Aik, and due to an electro-
magnetic radiation presented therein (since J i , 0).

The 3rd Riemannian condition
The observable curvature Cik of a rotating de Sitter
space is created by the combined effect of the strength

118 Rabounski D. Calculating Riemannian Conditions for the Space Metrics Used in General Relativity



Issue 2 (December) PROGRESS IN PHYSICS Volume 22 (2026)

∗∇i Fk of the gravitational force field and the rotation
field Aik of this space, minus corrections determined by
the spherically symmetric structure of the force field Fi,
the density of the physical vacuum (λ-field), and also
the electromagnetic field stress Uik.

4.2.4 The metric of a rotating liquid sphere. The interior
space metric of a rotating sphere filled with ideal liquid is

ds2 =
1
4

3

√
1 −

rg
a
−

√
1 −

r2 rg
a3


2

c2dt2 −

− ωr2sin2θ

3
√

1 −
rg
a
−

√
1 −

r2 rg
a3

 dtdφ −

−
dr2

1 −
r2rg
a3

− r2
(
dθ2 + sin2θ dφ2

)
. (25)

Based on the chr.inv.-Einstein equations (2), we obtain the
Riemannian conditions under which this metric is valid

∗∇j F j =
1
c2 Fj F j + A jl A jl − κϱc2 −

κ

2
(
ρc2 + 3p

)
∗∇j Aij =

2
c2 Fj Aij − κ J i

∗∇i Fk −
1
c2 Fi Fk + 2Aij A· jk · − κUik −

−
κ

2
(
ρc2 − p

)
hik = c2Cik


, (26)

where A jl A jl = κϱc2 in the 1st condition, but 2Aij A· jk · , κUik

in the 3rd condition due to the reasons explained above.
They have the following physical sense:

The 1st Riemannian condition
The observable gravitational force field inside a rotat-
ing sphere filled with ideal liquid is inhomogeneous
(∗∇j F j , 0) due to the spherically symmetric struc-
ture of this force field with corrections for the density ρ
and pressure p in the liquid. And, since A jl A jl = κϱc2,
the value of the observable angular rotation velocity
Aik of this space is determined by the density ϱ of the
source-free electromagnetic field that fills this space
along with the liquid.

The 2nd Riemannian condition
The observable rotation field of such a space is inho-
mogeneous (∗∇j Aij , 0) due to the spherically symmet-
ric structure of the gravitational force field Fi superim-
posed onto this rotation field Aik, and due to an electro-
magnetic radiation presented therein (since J i , 0).

The 3rd Riemannian condition
The observable curvature Cik of such a space is cre-
ated by the combined effect of the strength ∗∇i Fk of the
gravitational force field and the rotation field Aik of this

space, minus corrections determined by the spherically
symmetric structure of the force field Fi, the density ρ
and pressure p in the liquid, and also the electromag-
netic field stress Uik.

4.2.5 The rotating Reissner-Nordström space metric. It
has the following form

ds2 =

1 −
rg
r
+

r2
q

r2

 c2dt2 −

− 2ωr2sin2θ

√
1 −

rg
r
+

r2
q

r2 dtdφ −

−
dr2

1 −
rg
r +

r2
q

r2

− r2
(
dθ2 + sin2θ dφ2

)
, (27)

and describes the space of an electrically charged rotating
spherical body approximated by a mass-point. Thus, based
on the chr.inv.-Einstein equations (2), we obtain the Rieman-
nian conditions under which this metric is valid

∗∇j F j =
1
c2 Fj F j + A jl A jl − κ

(
ϱ + ϱ̇

)
c2

∗∇j Aij =
2
c2 Fj Aij − κ J i

∗∇i Fk −
1
c2 Fi Fk + 2Aij A· jk · − κ

(
Uik + U̇ik

)
= c2Cik


, (28)

where ϱ̇ and U̇ik are the density and stress of the electrostatic
field created by the electrically charged point mass, while ϱ,
J i, Uik characterize the external electromagnetic field with-
out sources (electric charges and currents), which is also pre-
sented in the space. In addition, A jl A jl = κϱc2 in the 1st con-
dition and 2Aij A· jk · , κUik in the 3rd condition due to the pre-
viously explained reasons.

These conditions physically mean the following:

The 1st Riemannian condition
In the space of an electrically charged rotating point
mass, the observable gravitational force field is inho-
mogeneous (∗∇j F j , 0) due to the spherically symmet-
ric structure of this force field, minus a correction for
the density ϱ̇ of the electrostatic field created by the
charged mass. And, since A jl A jl = κϱc2, the value of
the observable angular rotation velocity Aik of this
space is determined by the density ϱ of the source-free
electromagnetic field that fills it along with the electro-
static field of the charged mass.

The 2nd Riemannian condition
The observable rotation field of such a space is inho-
mogeneous (∗∇j Aij , 0) due to the spherically symmet-
ric structure of the gravitational force field Fi superim-
posed onto this rotation field Aik, and due to an electro-
magnetic radiation presented therein (since J i , 0).
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The 3rd Riemannian condition
The observable curvature Cik of such a space is cre-
ated by the combined effect of the strength ∗∇i Fk of the
gravitational force field and the rotation field Aik of this
space, minus corrections determined by the spherically
symmetric structure of the force field Fi, the stress U̇ik

of the electrostatic field created by the charged mass,
and also the stress Uik of the source-free electromag-
netic field that fills this space.

4.2.6 The rotating Einstein space metric. It is a “rotating
modification” of Einstein’s space metric (12)

ds2 = c2dt2 − 2ωr2sin2θdtdφ −

−
dr2

1 − λr2
− r2

(
dθ2 + sin2θdφ2

)
. (29)

Since Uik = phik and U = 3p in an ideal liquid, and also
U = ϱc2 in an electromagnetic field, the Riemannian condi-
tions under which the metric (29) is valid have the form

A jl A jl = κϱc2 +
κ

2
(
ρc2 + 3p

)
− λc2

∗∇j Aij = − κ J i

2Aij A· jk · − κUik +
κ

2
(
p − ρc2) hik − λc2hik = c2Cik


, (30)

where A jl A jl = κϱc2 in the 1st condition and 2Aij A· jk · , κUik

in the 3rd condition as was explained before.
The physical sense of the conditions is as follows:

The 1st Riemannian condition
In a space of the rotating Einstein metric, the density ρ
and pressure p in the ideal liquid that fills this space are
balanced by the density of the physical vacuum, which
also fills it (since λ , 0). And since A jl A jl = κϱc2, the
value of the observable angular rotation velocity Aik of
this space is determined by the density ϱ of the source-
free electromagnetic field that fills it along with the liq-
uid and the physical vacuum (λ-field).

The 2nd Riemannian condition
The observable rotation field of such a space is inho-
mogeneous (∗∇j Aij , 0) due to an electromagnetic ra-
diation presented in this space (since J i , 0).

The 3rd Riemannian condition
The observable curvature Cik of such a space is cre-
ated by the combined effect of the strength ∗∇i Fk of
the gravitational force field, the rotation field Aik of this
space, and the pressure p in the ideal liquid that fills the
space, minus corrections for the density ρ of this liquid,
the density of the physical vacuum (since λ , 0), and
also the stress Uik of the source-free electromagnetic
field that fills this space along with the liquid and the
physical vacuum.

5 The Riemannian conditions for deforming spaces

5.1 Friedmann’s space metric. This is the most known and
often considered as the solely deforming space metric

ds2 = c2dt2 −
dr2

1 − κ r2

R2

− r2
(
dθ2 + sin2θdφ2

)
, (31)

because its particular case, where the space expands, is the
basis of Lemaı̂tre’s cosmological model of the expanding
Universe, in the framework of which Lemaı̂tre in 1927 first
explained the observed cosmological redshift.

It is obvious that a space of Friedmann’s metric is free
of a gravitational field (g00 = 1, Fi = 0) and rotation (g0i = 0,
Aik = 0), but is deforming (Dik , 0) due to g11 = f (t) in the
metric. It may expand, compress, or oscillate. Such a space
can be empty, or be homogeneously filled with ideal liquid
(or ideal dust) along with the physical vacuum (λ-field), or be
filled with one of these media.

Here R=R(t) is the curvature radius of the space, which
depends on time since the space is deforming (its volume is
expanding or compressing). While κ = 0,±1 is the so-called
“curvature factor”: with κ =−1 the three-dimensional space
has the hyperbolic (open) geometry, with κ = 0 its geometry
is flat, and with κ=+1 its geometry is elliptic (closed).

Friedmann’s metric is usually considered in the form

ds2 = c2dt2 − R2
[

dr̃2

1 − κ r̃2
+ r̃2

(
dθ2 + sin2θdφ2

)]
, (32)

expressed with a “homogeneous” radial coordinate r̃, which
is the radial coordinate r divided by the curvature radius R,
whose scales change accordingly during expansion or com-
pression of the space, and therefore the homogeneous radial
coordinate r̃ does not change its scale with time.
5.1.1 An empty Friedmann space. The Riemannian condi-
tions, under which Friedmann’s metric (32) is valid without
distributed matter, have the form

Djl D jl = −
∗∂D
∂t

∗∇j Dij = ∗∇j
(
hijD

)
∗∂Dik

∂t
− Dij D

j
k + DDik = c2Cik


, (33)

where the trace D = hikDik = hikDik of the chr.inv.-space de-
formation rate tensor Dik shows how much the space is com-
pressed or stretched in all directions at once, i.e., the quantity
D is responsible for changing the volume of the space without
changing its shape.

The 1st equation plays the key rôle in the analysis regard-
ing the particular conditions under which Friedmann’s space
metric satisfies Einstein’s field equations.

The Riemannan conditions obtained means the following:
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The 1st Riemannian condition
A space of Friedmann’s metric without distributed mat-
ter deforms only non-stationarily (otherwise this condi-
tion would become nonsense — the space does not de-
form). Moreover, only a decelerating deforming Fried-
mann space is conceivable without distributed matter:
in this case, the deformation rate D decreases with time
(which indicates a decelerating deforming space), and
therefore the always positive left-hand side of the con-
dition is balanced by the positive right-hand side.

The 2nd Riemannian condition
An empty Friedmann space deforms everywhere and
always homogeneously and isotropic: the field Dik ex-
actly corresponds to the observable space metric hik.

The 3rd Riemannian condition
The observable curvature Cik of an empty Friedmann
space is created by only the field of its non-stationary
deformations.

5.1.2 A non-empty Friedmann space. In this case, the 2nd
condition is the same (J i = 0 in ideal liquid and dust, since
these are non-emitting media), and the 1st and 3rd conditions
acquire terms determined by distributed matter. If a Fried-
mann universe is filled with ideal liquid (Uik = phik, U = 3p)
and the physical vacuum (λ , 0), then the Riemannian condi-
tions under which Friedmann’s metric (32) is valid, are

Djl D jl = −
∗∂D
∂t
−
κ

2
(
ρc2 + 3p

)
+ λc2

∗∇j Dij = ∗∇j
(
hijD

)
∗∂Dik

∂t
− Dij D

j
k + DDik +

−
κ

2
(
ρc2 − p

)
hik − λc2hik = c2Cik


, (34)

whereas in a Friedmann universe filled with ideal dust (ρ , 0,
p = 0, Uik = 0, U = 0) and the physical vacuum, the Rieman-
nian conditions have the form

Djl D jl = −
∗∂D
∂t
−
κ

2
ρc2 + λc2

∗∇j Dij = ∗∇j
(
hijD

)
∗∂Dik

∂t
− Dij D

j
k + DDik −

−
κ

2
ρc2hik − λc2hik = c2Cik


, (35)

where in both cases, in the absence of the physical vacuum,
we can merely place λ = 0. Their sense is as follows:

The 1st Riemannian condition
A space of Friedmann’s metric, which is filled with dis-
tributed matter, deforms stationarily (i.e., with a con-
stant deformation rate D = const), if the density of the

physical vacuum (λ-field) overcomes the effects of the
density ρ and pressure p in the medium that fills this
space: in this case the always positive left-hand side
of the condition is balanced by the positive sum of the
right-hand side terms. A non-empty Friedmann space
deforms with acceleration (in this case, its deformation
rate D increases with time), if the negative term created
by the accelerating deformation as well as the negative
effects of the density ρ and pressure p in the medium
are compensated by the greater effect of the density of
the physical vacuum. In the absence of the physical va-
cuum (i.e., when λ = 0), a non-empty Friedmann space
deforms only with deceleration (similarly to an empty
Friedmann space).

The 2nd Riemannian condition
A Friedmann space filled with distributed matter de-
forms everywhere and always homogeneously and iso-
tropic: the field Dik exactly corresponds to the observ-
able space metric hik (as well as in the case of an empty
Friedmann space).

The 3rd Riemannian condition
The observable curvature Cik of a non-empty Fried-
mann space is created by the field of its deformations
with corrections depending on the properties of the dis-
tributed media that fill it.

5.2 The rotating Friedmann space metric. This metric

ds2 = c2dt2 − R2
[

2ωr̃2sin2θdtdφ +

+
dr̃2

1 − κ r̃2
+ r̃2

(
dθ2 + sin2θdφ2

)]
(36)

is introduced in the same way as the rotating metrics consid-
ered above. Here g03 , 0, and therefore Aik , 0. Using Fi = 0,
Aik , 0, and Dik , 0 in the chr.inv.-Einstein equations (2), we
obtain the Riemannan conditions for this metric.

To understand the next step, it is important to note that
Friedmann’s metric is proved using a different method than
all other space metrics used in General Relativity.

All other space metrics are proved purely algebraically.
This means that when proving a certain space metric, we sub-
stitute the specific components g00, g0i, and gik from its for-
mula into the left-hand side of the chr.inv.-Einstein equations
(2), i.e., into the formulae for the physically observable char-
acteristics of this space (since they are formulated in terms of
these components). Then, if, after reducing similar terms, the
left-hand side coincides with the right-hand side, or the sum
of all terms on the left-hand side is zero, and the sum of all
terms on the right-hand side is zero, then this space metric
has been proven.

But this algebraic method obviously does not work for
proving Friedmann’s space metric (32). Everyone is able to
ascertain this by himself.
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Therefore, Alexander Friedmann used his own original
method to prove the space metric he introduced. He expressed
the left-hand side of the field equations with the curvature ra-
dius R according to the space metric (32). Thereby, based
on the scalar and tensor field equations, he obtained two dif-
ferential equations with respect to R, which contain R̈, Ṙ, R
and a free term without the curvature radius (which is non-
zero, if the space is non-empty, and contains the right-hand
side characteristics of distributed matter). Solving these dif-
ferential equations gives a particular function R = R (t) under
which this metric is valid.

What the above means is that when we add a term con-
taining rotation (g0i , 0) to Friedmann’s space metric (32), as
we did in the case of the rotating Friedmann metric (36), and
hence add non-zero terms containing Aik to the left-hand side
of the chr.inv.-Einstein equations, the Friedmann differential
equations (and their solution) are not changed in principle,
but only the coefficients of the variables in them are changed.
The proof remains the same, and so we do not need to add
a “compensating” term or terms to the right-hand side of the
field equations (unlike what we did when we considered the
field equations for other classical space metrics).

As a result, we can consider the field equations for both
an empty rotating Friedmann space and a non-empty rotating
Friedmann space simply by using the non-zero Aik terms on
the left-hand side.
5.2.1 A rotating empty Friedmann space. In this case, the
Riemannian conditions under which the rotating Friedmann
metric (36) is valid have the form

Djl D jl = −
∗∂D
∂t
+ A jl A jl

∗∇j
(
hijD

)
− ∗∇j Dij = ∗∇j Aij

∗∂Dik

∂t
− Dij D

j
k + DDik −

− Dij A· jk · − Aij D j
k + 2Aij A· jk · = c2Cik


, (37)

which mean the following:

The 1st Riemannian condition
A space of the rotating Friedmann metric in the absence
of distributed matter can deform stationarily, decelerate
and accelerate. If a rotating empty Friedmann space
deforms stationarily (i.e., with a constant deformation
rate), then the square of its deformation rate tensor Dik

is equal to the square of its angular rotation velocity Aik,
and its rotation is stationary as well. If a rotating empty
Friedmann space deforms with an acceleration (i.e., its
deformation rate D increases with time), then this ac-
celeration is compensated by a greater value of the ob-
servable angular rotation velocity Aik of this space. If
a rotating empty Friedmann space deforms with a de-
celeration, then its deformation rate D decreases with

time, and therefore its angular rotation velocity Aik is
lesser than that in the stationary deforming space.

The 2nd Riemannian condition
The deformation field Dik of a rotating empty Fried-
mann space deviates from homogeneity and isotropy
exactly in accordance with the field of its rotation Aik.

The 3rd Riemannian condition
The observable curvature Cik of a rotating empty Fried-
mann space is created by the field of its deformations
and the field of its rotation.

5.2.2 A rotating non-empty Friedmann space. If such a
universe is filled with ideal liquid (Uik = phik, U = 3p) and
the physical vacuum (λ , 0), then the Riemannian conditions
under which the rotating Friedmann metric (36) is valid have
the following form

Djl D jl = −
∗∂D
∂t
+ A jl A jl −

κ

2
(
ρc2 + 3p

)
+ λc2

∗∇j
(
hijD

)
− ∗∇j Dij = ∗∇j Aij

∗∂Dik

∂t
− Dij D

j
k + DDik − Dij A· jk · − Aij D j

k +

+ 2Aij A· jk · −
κ

2
(
ρc2 − p

)
hik − λc2hik = c2Cik


, (38)

and if such a universe is filled with ideal dust (ρ , 0, p = 0,
Uik = 0, U = 0) and the physical vacuum, the Riemannian
conditions have the form

Djl D jl = −
∗∂D
∂t
+ A jl A jl −

κ

2
ρc2 + λc2

∗∇j
(
hijD

)
− ∗∇j Dij = ∗∇j Aij

∗∂Dik

∂t
− Dij D

j
k + DDik − Dij A· jk · − Aij D j

k +

+ 2Aij A· jk · −
κ

2
ρc2hik − λc2hik = c2Cik


, (39)

where λ = 0 in the absence of the physical vacuum.
It is interesting that these Riemannian conditions do not

change the physical sense that we have obtained above for a
rotating Friedmann universe, when it is empty. Indeed, new
terms appeared in the conditions due to the presence of dis-
tributed matter. But these new terms play the rôle of only
corrections that disturb the main effect created by the defor-
mation and rotation of the background space (in contrast to
a non-rotating Friedmann universe, considered above, where
distributed matter plays a decisive rôle).
5.3 Conclusions regarding a Friedmann universe. First
fact: modern astronomical estimates indicate that the average
density of substance in the Universe is ρ < 10−29 gram/cm3,
and λ < 10−56 cm−2. Therefore, on “cosmological scales” the
distributed matter in the Universe is so rarefied that the terms
1
2 κρc

2 < 10−35 sec−2 and λc2 < 10−35 sec−2 in the Rieman-
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nian conditions can be neglected compared to the deformation
rate. This means that the background Friedmann space of the
observable Universe must be considered empty.

Second fact: astronomical evidence of a non-linear in-
crease in the redshift of very distant galaxies, registered over
the past two decades, clearly shows that our Universe is ex-
panding with an increasing linear velocity.

Third, in 2011–2012 the author showed that the cosmo-
logical redshift has a non-linear (exponential) formula in a
constant-deformation expanding Friedmann space, i.e., when
the linear expansion velocity Ṙ increases according to the in-
creasing curvature radius R so that the deformation rate re-
mains constant D = 3Ṙ

R
= const. This theoretical result, ob-

tained using a new method — by solving the scalar geodesic
equation for particles travelling in an expanding Friedmann
universe [11–13], was then resumed in the article [14].

This theoretical result, together with the modern astro-
nomical data as above, leads us to the conclusion that the
background space of our Universe is a constant-deformation
Friedmann space without distributed matter.

However, an empty Friedmann space cannot be a const-
ant-deformation space. This is according to the 1st Rieman-
nian condition in such a space, which is the first equation in
(33). Otherwise, the 1st Riemannian condition in (33) would
be nonsense — the space does not deform, since the square
of the deformation rate tensor Djl D jl on the left-hand side of
the equation becomes zero due to the right-hand side, which
is zero because the deformation rate D is constant.

This leads the author to the only possible conclusion:
Astronomical evidence of the negligible average den-
sity of matter in the Universe and the non-linear cosmo-
logical redshift indicate that the background space of
the observable Universe is a rotating empty Friedmann
space, i.e., a space of the rotating Friedmann metric
(36), which is valid (satisfies Einstein’s field equations)
under the Riemannian conditions (37).

But in this case, according to the 1st Riemannian condi-
tion in (37), we must assume that the background space of
our Universe possesses a fundamental global rotation with a
significant angular velocity Ω, the square of which is equal
to the square of the space deformation rates A jl A jl = Djl D jl,
and, consequently, the field of the space deformation rates
exactly repeats the field of the angular rotational velocities of
the space. The author will devote another study to this prob-
lem, going beyond the formal derivation and analysis of Rie-
mannian conditions for various space metrics (which was
done in this article).
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